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Introduction 

0.1 In this paper we study the Tate conjecture for divisor classes on varieties over a finitely 
generated held of characteristic zero, henceforth simply referred to as “the Tate conjecture”. 
Whereas, from a modern perspective, the Hodge-theoretic analogue—the Lefschetz theorem on 
divisor classes—is quite easy to prove, it is an uncomfortable fact that the Tate conjecture is 
known only for some rather special classes of varieties. For abelian varieties, Faltings proved it in 
1983, alongside with the Mordell conjecture and the Shafarevich conjecture. For K3 surfaces, the 
Tate conjecture was proven independently by Andre and Tankeev. For Hilbert modular surfaces 
the Tate conjecture is known by work of Harder, Langlands and Rapoport, completed by results 
of, independently, Klingenberg and Kumar Murty and Ramakrishnan. In general, however, the 
Tate conjecture remains widely open. 

In view of the Lefschetz theorem on divisor classes, the Tate conjecture is implied by the 
Mumford-Tate conjecture for cohomology in degree 2. This conjecture is not even known for 
abelian varieties, though it is known for K3 surfaces, again by Andre and Tankeev. 

Our main contribution in this paper is a proof of the Mumford-Tate conjecture for the 
cohomology in degree 2, and hence the Tate conjecture for divisor classes, for varieties with 
h 2,0 = 1, under a mild assumption on their moduli: 

Main Theorem. Let X be a non-singular complete variety over C with h 2 ’°(X) = 1. Assume 
there exists a smooth projective family f: SC —t S over a non-singular irreducible base variety S 
such that X = for some f £ <S(C), and such that the variation of Hodge structure R 2 f*Q$: is 
not isotrivial. Then the Tate Conjecture for divisor classes on X is true and the Mumford-Tate 
conjecture for the cohomology in degree 2 is true. 

We in fact prove a more general result, that applies to submotives of an H 2 ; for this we refer to 
Theorem 16.21 


1 


0.2 In the last section we apply our main theorem to algebraic surfaces with p g = 1. Given 
some irreducible component of the moduli space of such surfaces, the challenge is to show that 
the Hodge structure on the H 2 is not constant over it. If this holds, the Mumford-Tate conjecture 
is true for all surfaces in this moduli component. In some cases, the fact that the H 2 is non¬ 
constant is contained in the literature, but we also treat some cases where additional geometric 
arguments are needed. Theorem 19.41 gives the list of cases we have worked out thus far; with 
minor exceptions this includes all moduli components for which a good description is available 
in the literature. We hope that the experts in this area can supply such a description in many 
more cases, and we expect that our main theorem can serve as a standard tool to then deduce 
the Mumford-Tate conjecture. 

0.3 Let us now sketch some of the main ideas involved in the proof of the Main Theorem. 

Assume a situation as in the statement of the theorem. Possibly after replacing S with 
a finite cover we have a decomposition R 2 f*Q^p( 1) = Qg ©V, where p is the generic Picard 
number in the family and V is a variation of Hodge structure over S such that on a very general 
fibre V s there are no non-zero Hodge classes. On V we have a symmetric polarization form (j). 

A central role in the paper is taken by the endomorphism algebra E = EndQVHSs(V). By 
result of Zarhin, E is a field that is either totally real or a CM-held. Even for a concretely given 
family, it is usually very hard to determine E. Rather than attempting to do so, we leave E as 
an unknown, and we see how far we can get. The proof of the main theorem then splits up in 
three cases that each require a different approach: 

(1) E totally real, rkg(V) ^ 4; 

(2) E a CM-field; 

(3) E totally real, rkg(V) = 4. 

0.4 The proof in case (1) may be viewed as an extension of the arguments due to Deligne [15j, 
later refined by Andre in [2], who used this to prove the Tate conjecture for hyperkahler varieties. 
Our main new contributions in this case are twofold: 

(a) We develop a variant of the Kuga-Satake construction so as to take into account a non-trivial 
totally real field of endomorphisms. 

(b) We introduce the systematic use of norm functors (or: corestrictions); this is a technique of 
independent interest. 

In order to explain this in more detail, let us briefly go back to the arguments of Andre in the 
case of K3 surfaces. We take for —>• S a universal family of (polarized) K3’s over the moduli 
space. Consider the even Clifford algebra C + (V, </>), which is an algebra in the category QVHS^ 
of variations of Hodge structure over S. The Kuga-Satake construction produces an abelian 
scheme it: A —> S equipped with an action by (an order in) a semisimple algebra D such that 
we have an isomorphism of algebras in QVHS^, 

u: C + (¥,</>) -^ Endn fflV.Qd). 

In particular, if we write V = Vg and H = H 1 (A^,Q), we have an isomorphism ttg : C + (V , 4>) —> 
EndHowever, the whole point of doing the Kuga-Satake construction in a family is that 
on the source and target of u £ we now have an action of tt\ (S', £). 

In the case of K3 surfaces, it is known that the monodromy action on H 2 (X, Q)(l) is 
“big”, which means that the algebraic monodromy group is the full group SO(V,4>). (For SCjS 
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a universal family of polarized K3’s we have p = 1 and V is a subspace of H 2 (X, Q)(l) of 
codimension 1.) A rather spectacular consequence of this is that the above isomorphism u £ is 
the Hodge realization of an isomorphism of motives (in the sense of Andre [3]) : C + (Vje, (j)) —> 

Endpf-H^fAA). In a somewhat implicit form this idea is already present in Deligne’s paper DEI; 
it relies on the characterization of u £ as the unique 7Ti-equivariant algebra isomorphism. It is 
made explicit by Andre in [2], Section 6.2, and is essentially a consequence of the Theorem of 
the fixed part. 

Once we have the motivic isomorphism u^, we can take Eadic realizations and apply Falt- 
ings’s result for abelian varieties. To conclude the Tate conjecture for X = ^ we still have 
to “extract” from the even Clifford algebra C + (V^,(j)). If the dimension of is odd, this is 
relatively easy; if dirn(l^) is even, a further trick is needed. Andre’s proof of the Mumford-Tate 
conjecture then still requires further ideas, which we shall not review here. 

0.5 Once we leave the realm of hyperkahler varieties, we no longer dispose of a “big monodromy” 
result of the sort used in the above argument. This is where the field E comes in. 

Consider a situation as in the Main Theorem, and assume we are in case (1). The generic 
Mumford-Tate group of the variation V is then the group SOe(V, </>) of E-linear isometries with 
determinant 1. We prove that the monodromy of V is “maximal”, in the sense that the algebraic 
monodromy group G mon (V) equals the generic Mumford-Tate group. A natural idea, then, is to 
imitate the above argument, using a Kuga-Satake construction “relative to the field E”. 

In order to make this work, we need some new techniques. The point is that the Kuga-Satake 
construction is highly non-linear. (Step one: form the even Clifford algebra.) To overcome 
this, we make systematic use of norm functors. In brief: whenever we are in a Tannakian 
category ^ (Hodge structures, Galois representations, motives,...) there is a norm functor from 
the category ^(e) °f E-modules in ^ to ^ itself. This is an extremely natural and useful 
construction that appears to be not so widely known. In Section [3] we explain this, building 
upon the work of Ferrand |19j . 

Once we have norms at our disposal, the correct replacement for the even Clifford algebra 
C' + (Vg, cf>) is not (still with E totally real) simply the even Clifford algebra of Vg over E (which 
is an E-algebra in the category of motives) but rather its norm Nm E /QC'g(V^, (j )). Once we have 
this working, we are back on the trail paved for us by Andre. The new, “relative”, version of the 
Kuga-Satake construction produces an abelian scheme n: A —>■ S with an action by a semisimple 
algebra D and an isomorphism of algebras in QVHS5, 

u: Nm E/Q C+ (¥,</») -^End^H 1 (A)) , 

where we write H 1 (A) = R}ir*QA- The maximality of the monodromy allows us to lift this to a 
motivic level, pass to Eadic realizations, and use Faltings’s result. Though some technical details 
get more involved than in the case E = Q, from this point on everything works as expected. 

0.6 In case (2), when E is a CM-field, we use a different approach. This should not come as a 
surprise: the Kuga-Satake construction is based on the idea that we can lift a Hodge structure 
from a special orthogonal group to a spin group, whereas in the CM case we are dealing with 
unitary groups. Instead, we establish a direct relation between the motive iT 2 (X)(l) and a 
motive of the form Horn E [H l (A),H l (B)'), where A and B are abelian varieties with E-action. 
In fact, A is a fixed abelian variety of CM-type, depending only on E and the choice of a CM-type, 
and if we vary X, only B varies. 
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On the level of Hodge realizations, we show that we can find A and B such that H 2 (X) (l) = 
Horn E (H 1 (A), H 1 (B)Y This gives a new interpretation of what van Geernen [37] calls a “half¬ 
twist”. The construction can be done in families, and using a monodromy argument we prove that 
H 2 (77) (l) is isomorphic to Hom E (H 1 (A) , H 1 (H)), up to twisting by a 1-dinrensional motive U. 
We expect U to be trivial, but we are unable to prove this. (This is one of the main reasons why, 
in our main theorem, we are not yet able to prove the “nrotivic Mumford-Tate conjecture”, which 
is the additional statement that the Mumford-Tate group equals the motivic Galois group.) We 
can, however, show that U has trivial Hodge and Aadic realizations; this allows to apply the 
results of Faltings and to deduce the main theorem. 

0.7 What remains is case (3), when E is totally real and the local system V has rank 4 over E. 
In this case, the algebraic monodromy group G mon may be strictly smaller than the generic 
Mumford-Tate group SO e(V,4>)- As the proof in case (1) crucially relies on the maximality of 
the monodromy, this argument breaks down in an essential way. (If G mon = SO e{V,4>), the 
argument of case (1) works, so case (3) is really about the situation where the monodromy is 
non-maximal.) 

We are able to deal with the case of non-maximal monodromy by combining ideas from the 
proofs of cases (1) and (2). The algebraic monodromy group is the group of norm 1 elements 
in a quaternion algebra A over E. With D = Nmgm(A), we construct a complex abelian 
variety A and an abelian scheme B —>• S, both with an action of D op , such that we have an 
isomorphism u: Hom n (EdfA?).Hdf-B)) —> Nm^Q(¥). After a rather minute analysis of all 
groups involved, and using the information that we still have about the monodromy, we are able 
to show that the fibre u £ of u at the point £ is the Hodge realization of a motivic isomorphism 
u^: Hom B (iT 1 (yl), H 1 (B^ —> NmE^(V)). This is of course the crucial step, as now we may 
again invoke the results of Faltings. We reduce the proof of the Mumford-Tate conjecture for 
X = to the MTC for the abelian variety Ax B^, and while this is not a case already contained 
in the literature, there is enough information available to prove this by fairly direct arguments. 

0.8 Let us now give a brief overview of the individual sections. In Section [T] we review the Tate 
and Mumford-Tate conjectures. Working systematically over finitely generated fields (rather 
than only number fields) has the advantage that these conjectures can be stated for any variety 
over C, but apart from choices in the presentation we do not claim any originality here. 

In Section [2] we review the results of Zarhin on Mumford-Tate groups of Hodge structures of 
K3 type, which are crucial for everything that follows, and we prove an Aadic analogue of this, 
using a result of Pink. This fills what seems to be a gap in Andre’s paper [23; see Remark 12.91 

As already mentioned, in Section[3]we discuss norm functors. This can be read independently 
of the rest of the paper and is of interest in a much more general setting. 

Sections [4] and [o] contain the constructions needed to deal with case (1). These two sections 
are closest to the work of Deligne and Andre, the main point being that we develop a variant of 
the Kuga-Satake construction relative to a totally real endomorphism field. In Section 0 we then 
state the main result in its general form, and we prove some preliminary results. At the end of 
this section we complete the proof in case (1). In Section [7] and the somewhat long Section [8] we 
deal with cases (2) and (3), respectively. 

In Section [9[ finally, we prove the MTC for several classes of algebraic surfaces with p g = 1. 
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0.10 Notation and conventions, (a) By a Hodge structure of K3 type we mean a polarizable 
Q-Hodge structure of type (—1, 1) + (0,0) + (1, —1) with Hodge numbers l,n, 1 for some n. By 
a VHS of K3 type over some base variety S we mean a polarizable variation of Hodge structure 
whose fibers are of K3 type. 

(b) In the first eight sections, we always view abelian schemes over a base scheme S as 
objects of the category QAV g of abelian schemes up to isogeny. 

(c) Let A; be a field of characteristic 0 and E a finite etale A;-algebra. If V is an .E-module of 
finite rank equipped with a nondegenerate E-bilinear form 4- V xV —> E then 4 = trace#/*, o</> is 
a nondegenerate fc-bilinear form on V with the property that (j)(ev, w) = <j)(v, ew) for all v, w £ V 
and e £ E. (Terminology: (f> is the transfer of 4 -) Conversely, given a nondegenerate fe-bilinear 
form cf>: V xV —tk with (j>(ev,w) = <j)(v,ew), there is a unique E-bilinear form 4 on V with 
4 = trace#/*. ° 4 , and 4 i s again nondegenerate. We refer to 4 as the E-bilinear lift of 4 - The 
uniqueness implies that if 4 is symmetric or alternating, so is 4- 

More generally, if E comes equipped with an involution e e and 4 satisfies 4 ( ev , w ) = 
4(v,ew) for all v,w £ V and e £ E then there is a unique hermitian form 4- V X V —> E such 
that 4 = trace#/*, o 4■ In this setting we refer to 4 as the E-valued hermitian lift of 4- 

(d) We shall often consider algebraic groups that are obtained via a restriction of scalars, 
and it will be convenient to simplify the notation for such groups. As a typical example, in 
the situation described in (c) we have an orthogonal group O (V,4) over E and we denote by 
0 E /k(V,4) the algebraic group over k obtained from it by restriction of scalars. Similarly, if E 
comes equipped with an involution and ^ is a hermitian form with respect to this involution, 
we denote by U#/*.(V, 4) the corresponding unitary group, viewed as an algebraic group over k 
through restriction of scalars. (Note that in this case the restriction of scalars goes from the 
fixed algebra Eq C E of the involution to k.) 

(e) Let A; be a field and E a finite etale A:-algebra. We denote the torus Res#/*G mi # by X#. 
In particular, T*. = G m *,. The norm map defines a homomorphism T# —> T*., whose kernel we 
denote by Tg. 


1. Review of some cycle conjectures 

1.1 Let K C C be a subfield that is finitely generated over Q. We denote by Mot# the category 
of motives over K as defined by Y. Andre in |3j. (As “base pieces” we take all projective smooth 
E-schemes.) This is a semisimple Tannakian category whose identity object is denoted by 1. 

We use bold letters ( V , W, ...) for motives. Their Hodge realizations and Gadic realizations 
are denoted by the corresponding characters of regular weight (in the sense of typography!) with 
a subscript “B” or “E (Vr, Wb, •••, respectively V^, ...). If W is a motive with Hodge 

realization Wb, we usually simply write W for the underlying Q-vector space and we write 

G b (W) C G mat (W) C GL(IT) 
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for the Mumford-Tate group and the motivic Galois group. We identify the Q^-vector space un¬ 
derlying the Aadic realization with W £ = LF(g)Q.£ via the comparison isomorphism between Betti 
and etale cohomology. The Aadic realization is then a Galois representation pw,i- Gal(A"/ K) —>• 
GL(W^), and we denote by G £ (W) the Zariski closure of the image of pw,£■ We have 

G°fiW) C G mot (W) ®Q £ C GL (W) ®Q £ = GL (W £ ). 

1.2 Let V be a motive over K. The Mumford-Tate conjecture for V is the assertion 

MTC(V) : We have G®(V) = G'b(Vc) ® Q £ as subgroups of GL(V^). 

Note that, a priori, this conjecture depends on the chosen embedding K ^ C. It also 
depends on the choice of the prime number l. In the rest of the paper, we fix t and whenever 
we refer to the Mumford-Tate conjecture it is with reference to this prime number. Our results 
are valid for all i. 

1.3 Proposition. Let K C L be subfields of C that are finitely generated over Q. Let V be a 
motive over K, let Vl be the motive over L obtained by extension of scalars, and write V £j . £ for 
its l-adic realization. 

(i) The isomorphism GL (Vfi) OLiV^^f) induced by the canonical isomorphism V £ Vj^ £ 

restricts to an isomorphism G®(V) G®(Vl). 

(ii) With respect to the chosen embeddings K ^ L ^ C we have MTC(V^) 44 MTC(V). 

Proof. Let K' be the algebraic closure of K in L. Then K C K' is a finite extension and the 
natural homomorphism r: Gal(L/L) —> Gal (K/IL) has as its image the subgroup Gal(7l/A" / ) C 
Gal(A//\). Further, the diagram 

Gal(L/L) GL(V l>£ ) 

r l 

Gal (K/K) GL{V £ ) 

is commutative. This gives (i), and (ii) is an immediate consequence. □ 

1.4 Let X be a complete non-singular variety over K. For some integer i > 0, consider the 
motive H = H 2l (X)[i ) = (X,n 2 i,i), with n 2 i the Kiinneth projector in degree 2 i. 

An element £ E H £ = H 21 (X^, Q £ (i)) is called a Tate class if it is invariant under some open 
subgroup of Gal(/i/A'); this is equivalent to the requirement that £ is invariant under G®(H). 
Let PT^f X) c H £ be the subspace of Tate classes. We have a cycle class map 

(1.4.1) cl: CW(X r )®Q £ -> ST\X). 

The Tate conjecture for cycles of codimension i on X is the assertion 

TC*(A) : The group G®(H) is reductive and the map (11.4. ID is surjective. 

The reductivity of G®(H) is equivalent to the condition that the representation ph, £ is completely 
reducible. 

Similarly, an element £ G Hr = H 2l (Ac, Q(*)) is called a Hodge class if £ is purely of type 
(0,0) in the Hodge decomposition, which is equivalent to the condition that £ is invariant under 
Gb{H). Writing PS l {X) C Hb for the subspace of Hodge classes we have a cycle class map 
cl: CH'(A(p) —>• SS l [fX) and the Hodge conjecture asserts that this map is surjective. 
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1.5 Proposition. Let K C L be a finitely generated field extension. Let X be a complete 

non-singular variety over K. Then TC 1 (Xl) TC*(A). 

Proof. For the complete reducibility of the Galois representation this is immediate from Propo¬ 
sition |TT3ji) , as this assertion only depends on G®(H) and G®(Hl). For the surjectivity of the 
cycle class map, the implication “<=” is clear. For the converse we may assume K C L is a 
principal field extension. If K Clisa finite extension, it is clear that TC *(A^) implies TC l (A'). 
Hence it suffices to prove the assertion in the situation that L is the function field of a curve C 
over K with a A'-rational point t € C(K). The assertion now follows from the compatibility of 
the cycle class map with specialization. (Use [16], Cycle, Theoreme 2.3.8.) □ 

1.6 The above results allow us to formulate the Mumford-Tate conjecture and the Tate con¬ 
jecture for motives over C. 

If V is a motive over C, choose a subfield K C C that is finitely generated over Q and a 
motive W over K with Wr = V. Define G®(V) to be G { j,{W). viewed as an algebraic subgroup 
of GL(Vf) via the comparison isomorphism Wp —> Vp. By Proposition 11.31 this is independent 
of the choice of K and W. The Mumford-Tate conjecture for V is then the assertion that 
Gb(V) &> Qp = G®(V) as subgroups of GL(V^). For any choice of K and W as above this is 
equivalent to the Mumford-Tate conjecture for W. 

Next let A be a complete non-singular variety over C. For i > 0, let H = H 2l (X)(i), 
and let 77* (A) C Hp be the subspace of G^(lT)-invariants. Then TC*(A) is the assertion that 
G°fiH) is reductive and that cl: CH*(A) Cg> Qp —> 77*(A) is surjective. For any form Xpp of X 
over a finitely generated field K 1 this is again equivalent to the Tate conjecture on cycles of 
codimension i for Xjp. 

1.7 As long as we do not know that motivated cycles are algebraic, it does not make sense to 
formulate the Tate conjecture for arbitrary motives. In this paper we shall make one exception to 
this. Namely, suppose we are given a submotive V C iT 2 (A)(l) for some complete non-singular 
complex variety X. As before, we define the space of Tate classes T7(V) C Vp to be the space of 

(V(-invariants in Vp. Then by the Tate conjecture for V we mean the assertion that G®(V) 
is reductive and that the composition 

prod: CH' (A) ® Q* -> PT 1 (A) 3T{V) 

is surjective. By the Lefschetz theorem on divisor classes, surjectivity of this map is equivalent 
to the assertion that B8{V) <g> = 3L{V) as subspaces of Vp , where 38(V) = V G ^ v ^ is the 

space of Hodge classes. 

If V is given as a submotive of H 2 ( A) then by the Tate conjecture for V we mean the Tate 
conjecture for V(l). 

1.8 Remarks, (i) If the Mumford-Tate conjecture is true for some motive V, it is also true 
for any submotive V' C V. Indeed, we can decompose V = V' ® V "; then Gb(V) C G-q{V') x 
G-b{V") and G^{V) C G®(V r ) x G^fiV"), and in both cases the projection to the first factor is 
surjective. 

(ii) If the Mumford-Tate conjecture is true for V, it is also true for any Tate twist V(n). To 
see this, we first note that the Mumford-Tate conjecture can also be phrased as the conjectural 
equality 0 b(^O <8> = 0^(V) of Lie subalgebras of End(V^). 
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View Gb(V © 1(1)) as an algebraic subgroup of Gb{V) x G m . If V has weight zero then 
Gb(V © 1(1)) = Gb{V) x G m ; if the weight is not zero, the first projection Gb{V © 1(1)) —> 
G b(V) is an isogeny and hence it gives an isomorphism on Lie algebras. For the groups G® the 
analogous assertions are true. Further, 

Gb(V © 1(1)) —> G b (V( 1) © 1(1)) and G° e (V © 1 ( 1 )) G?(V(1) © 1(1)) 

where in both cases the isomorphism is the one induced from the isomorphism GL(V) x G m — > 
GL(V(1)) x G m given by (A,c) H > (cA,c). Combining these remarks we see that MTC(V) is 
equivalent to MTC(V(n)). 

1.9 Let X be a non-singular projective variety of dimension d over a field K of characteristic 0. 
Let 7 Tj denote the Kiinneth projector that cuts out the motive iT J (A). For i > 0 and n € Z we 
have maps CH d (X x X ) © Q —* EndMot L {H 2t (X)(n)') given by 7 H 7 ^ o 0 /( 7 ) o 7 ^. We say 
that a submotive V C H 2l {X)[n ) is cut out by an an algebraic cycle if it is given by a projector 
in End|\/| oti - (JT 2 i (A')(n)) that lies in the image of this map. 

The property of being cut out by an algebraic cycle is invariant under extension of scalars: 
if K C L is a field extension then V C H 2l (X)(n ) is cut out by an algebraic cycle if and only 
if the same is true for Vl C H 2i (X L )( ?r). If K C L is algebraic, this follows from an easy 
Galois argument; the general case then follows from the fact that for an extension K C L of 
algebraically closed fields, the map CH(A)Q/~h om —> CH(Xf / )Q/~hom is bijective. 

1.10 Let V be a motive over a field K C C. As Mot^ is a semisimple category, V canonically 
decomposes as a direct sum of isotypic components. The motivic Galois group G mo t(V) sits in a 
short exact sequence 1 —> G mo t(Vc) —> G mo t(V) —> Gal (L/K) —> 1 for some finite Galois 
extension L/K. (Cf. [3], the end of Section 4, and note that G mo t(V^-) = G mo t(Vc), as follows 
from the Scolie in ibid., 2.5.) Hence there is a unique isotypic component V alg of V (possibly 
zero) such that (V alg )c — l® n for some n. We define V tra to be the direct sum of all other 
isotypic components of V ; this gives us a canonical decomposition V = V alg © V tra . 

If V C H 2 {X)(1) for some smooth projective variety X, it follows from the Lefschetz 
theorem on divisor classes that there are no non-zero Hodge classes in the Betti realization 
of Y tra ", hence on Hodge realizations, Vb = V^ lg © lg ra is just the decomposition of Vb into its 
algebraic and transcendental parts. Further, in this situation V C H 2 (X)( l) is cut out by an 
algebraic cycle if and only if the same is true for V tra . 


2. An £-adic analogue of a result of Zarhin 

2.1 We start by reviewing some results of Zarhin in |39j. Let (H,(f>) be a polarized Hodge 
structure of K3-type. We assume H has trivial algebraic part, by which we mean that HnH^° = 
(0). By [39) . Theorem 1.5.1, the endomorphism algebra E = EndQHS (H) is a field which is either 
totally real or a CM-field. 

If E is totally real, let 4>: H x H — > E be the E-bilinear lift of tj). ISee lO.lOl chl In this case, 
[39], Theorem 2.2.1 gives that the Mumford-Tate group of H is the group SO E/Q{H,(j)), with 
notation as in 10 . 101( d). 

If E is a CM-field, let Eq C E be the totally real subfield and ei->e the complex conjugation 
on E. Let (j>: H x H —» E be the E-valued hermitian lift of <j). (Again see lO.lOl chl In this case, 
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Zarhin’s result, [39], Theorem 2.3.1, is that the Mumford-Tate group of H is the unitary group 
u e/q(H,4>). 

2.2 The goal of this section is to prove an Tadic analogue of Zarhin’s results. This is based on 
Pink’s results in m- For later purposes it will be convenient to first generalize these results to 
the case of a finitely generated ground field. 

Let K C C be as in ll.ll and consider a projective non-singular variety Y over K. Let H be a 
submotive of H 2l (Y)(i ) for some i > 0 that is cut out by an algebraic cycle fsee ll.9l) . We denote 
by G r f ld {H) the reductive quotient of G®(H) and let Vp be the semi-simplification of Hi as a 
representation of G®(H). We have G r [ d (H) C GL(V^). A cocharacter //: —> G^ ed {H)^ 

gives rise to a grading 

v m, = © %, 

jez 

where, by convention, the summand V)"A- is the subspace of on which G m ^ acts through 
the character z i— > z~ 3 . 

The following notion was introduced in [[271], Def. 3.17. 

2.3 Definition. We call a cocharacter /i of G r e ed (H) over Q g a weak Hodge cocharacter if 
dim(lT— ) = dunc(Hy- J ) for all j £ Z. 

The following result is a slight generalization of a theorem of Pink in m- The result is 
stated in loc. cit. only over number fields, and only for motives of the form H J (Y); however, 
the arguments also apply to submotives H C H 2i (Y)(i) that are cut out by an algebraic cycle. 
(This condition is needed to ensure that H gives rise to a strictly compatible system of Tadic 
Galois representations; cf. the comments following m , Definition 3.1.) As we shall now explain, 
the result also extends to finitely generated ground fields. 

2.4 Theorem. With notation and assumptions as in 12.21 G^ ed (H)^ is generated by the images 
of the weak Hodge cocharacters. 

Proof. This follows from Pink’s results by a specialization argument. If k is the algebraic closure 
of Q in K, there exist a smooth proper morphism of /c-varieties /: X S, and an algebraic 
cycle Z C X, flat over S, such that: 

— k(S) = K and the generic fiber X r] of / is isomorphic to Y ; 

- for s € S, the motivated cycle 112 % o [Z s ] o n 2 i on X s x X s cuts out a submotive M s C 
H 2i (X s )(i) such that M v = H. 

Base change via k C gives a smooth projective family fa: Xc —>• Sc, and the Hodge 
realizations of the submotives M s for s € S( C) are the fibres of a sub-VHS of R 2% fc,*Q{i)- 
In particular, the Hodge numbers of the motives M s equal the Hodge numbers of the Betti 
realization of H. The -Tadic realizations of the M s are the fibres of a smooth Q^-subsheaf of 
R 2t f*Qe(i )• If t is a point of S , write Gfj> = Gg(Mt), an d l e t Vt,g be the semi-simplification 
of Mi ( as a representation of G { j^. 

Choosing geometric points s above s and fj above rj, we get a specialization isomorphism 
M, n i ©A M Si g. Taking this as an identification, G S) g C G ri j. By a result of Serre (see [ 53] , 
Section 1 and [34| . Section 10.6), there are infinitely many closed points s £ S such that G Sj i = 
G Vt g. For such points s we then have an isomorphism V 8j g Xf p and G r f d = G™f. The theorem 
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now follows by applying m, Theorem 3.18 (which is valid for submotives cut out by an algebraic 
cycle) to M s . □ 

2.5 Let V be a finite dimensional vector space over a field k of characteristic 0, equipped with 
a non-degenerate symmetric bilinear form 0: V X V —> k. 

If ji : G m +. —>• 0(14,0) i s a cocharacter and V% = ©V)( is the corresponding grading of 14 
then 14 ™ and I© n are orthogonal whenever m + n 0, and 0 gives rise to non-degenerate pairings 
V-T n X V- n —>• k. We shall say that p, is of K3 type if dim(Vr _1 ) = dim(Vr 1 ) = 1 and Hr n = (0) 

t\t l\j K K K 

whenever |n| > 1. 

2.6 Theorem, (i) Let G C SO(H, 0) be a connected reductive subgroup such that Gj. is generated 
by the images of cocharacters of K3 type. Then V, as a representation of G, has a decomposition 

V = V 0 © 14 © • • • © V t © 10+i © ■ ■ ■ © V t+U 

such that 

(1) Go = E G , 

(2) Vi and Vj are non-isomorphic if i ^ j, 

(3) the form 0j: V) x V) —>• k obtained by restriction of 0 is non-degenerate, 

(4) for i £ {l,...,t} the endomorphism algebra £) = Endc(V)) is a field, and <fn(ev,w) = 
0(u, ew) for all e £ £0 and v,w € V, 

(5) for i £ {t + 1 ,..., t + u} the endomorphism algebra E, = Endc(V0 is an etale quadratic 
extension of a field Eio, and if e 1 —> e is the unique non-trivial automorphism of Ei over Ei^, 
we have <j>i(ev, w) = 0(u, ew) for all e € E, and v,w G 10. 

Up to permutation of the summands 10 .... V) and 10+ 1 ,..., Vt+ U , the decomposition is unique. 

(ii) For i > 0, let Gi be the image of G in 0(10,00. Then each G i j c is again generated by 
cocharacters of K3 type and G = n!=i as subgroups of ns o(+*). 

(iii) For i £ {1,..., t} we have Gi = SO^;. /fc(10,00, where 0*: 10 x V) —> Ei is the Ei-bilinear 
lift of 4>i■ For i G {t + 1,..., t + u} we have Gi = U E ./ fc (10, 00, where 0j: 10 x 10 —» Ei is the 
Ei-valued hermitian lift of 0j. 

Proof, (i) Let LE C V be an isotypic component on which G acts non-trivially, so that EndG(lE) 
is a simple fc-algebra. If U is an isotypic component of Wj. as a representation of G0, there is a 
cocharacter fi: G m ^ —>• Gj. of K3 type that gives a non-trivial grading of U. But dim^lW 1 ) = 
dim(l© 1 ) = 1 for the grading of Vj. given by n\ so U is necessarily an irreducible representation 
of Gj.. Hence Endc(W) is a field, and we conclude that the non-trivial isotypic components of V 
are all irreducible. 

If 0 |\y is degenerate, it is the zero form. In this case there is a unique irreducible summand 
W' such that 0 restricts to a non-degenerate form on IT © W'. With E = Endc^fE) we have 
Endc^fE © IE0 = E x E, such that the involution induced by 0 is given by (ei,e 2 ) (e 2 ,e 0 , 

which is of the second kind. If <f\w is non-degenerate, let e 1 —> e be the involution of E = 
Endc(IE) induced by 0. 

Let 0 be the irreducible summands of V on which 0 is non-zero and such that the 

involution on Ende(10) is trivial (i.e., of the first kind). Let I0+i> • • •, Vt+u be the remaining 
irreducible summands on which 0 is non-zero (with involution of the second kind on Ende(I0))j 
together with all IE © W' as above for which 0|w = 0| w' = 0- Together with Vo = V G this gives 
the stated decomposition. 
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(ii) Choose a decomposition as in (i). We view G as an algebraic subgroup of 0(Vj, fa); 
in particular this gives us homomorphisms r,: G —>• O (Vi, fa). 

Let 5? be the set of cocharacters of Gp that are of K3 type. If n G there is a unique 
index i G {1,..., t + u} such that the induced action of G m p on V i p is non-trivial. This gives 
a decomposition LZ = •&%. Clearly the subsets ,5V % are stable under the action of G(k) 

on 5Z by conjugation. Also they are stable under the natural action of Gal (k/k). Hence we have 
normal subgroups Hi of G (over k) such that H i p is generated by the cocharacters in J^. 

If /x G then the induced action of G m p on Vjp is trivial for all j fa i. It follows that 
Hi C 0(Vi,(f>i) (viewed as algebraic subgroup of 0{V, (/))), and because G is generated by all 
images of cocharacters of K3 type, G = Hi. A fortiori, Hi is the image of G in O (Vi, fa), 

i.e., Hi = Gi. 

(iii) As in Zarhin’s paper [39], the argument is based on Kostant’s results in (20j . Kostant 
states the Corollary to his main theorem (loc. cit., p. 107) over C; this implies the same result 
over an arbitrary algebraically closed field of characteristic 0, as all objects involved are defined 
over a subfield that admits an embedding into C. 

For i G {1,..., t) we have G,p C [Icr: E^k SO(Kj i(T , fa t<T ), where Vp a = Vi <g ) Ei , a k and fa }0 
denotes the bilinear extension of fa to a form on By the same arguments as in the proof 

of (ii) we have connected subgroups H a C SO(Vj i(T , fa t(T ) such that G i ^ = Y\ a H a . Each H a is 
generated by the images of cocharacters of K3 type, and its representation on Vj >fT is irreducible. 
By Kostant’s result, H a = SO(I^ )Cr , fa^)\ hence Gi = SO E ./ k (Vi,fa). 

For i G {t + 1,..., t + u}, let So be the set of embeddings Ei 0 —> k. For r G So we have 
a unique G^.-stable decomposition of V), T = Vi ®{ Ei 0 ), T k as = W © W' and the bilinear 
extension of the hermitian form fa to Vj jT induces a duality W' = W v . Then U(Vi T ,^ T ) = 
GL(IK), with GL(IT) acting on W and W' through the tautological representation and its 
cont.ragredient, respectively. As before we have connected subgroups H r C U(Vi iT , fa fT ) such that 
G ik = HreSo and each H r is generated by cocharacters of K3 type. If /r is a cocharacter of 
K3 type of Gj jT that has a non-trivial projection to H T , this induces a non-trivial grading of W 
with = (0) if \j\ > 1 and either dim(VF _1 ) = 1 and diin(IK 1 ) = 0 or dim(IK -1 ) = 0 and 
dim(IT 1 ) = 1. By Kostant’s result it follows that H r = GL(VF); hence Gi = U Ei /k(Vi,fa). □ 

2.7 Corollary. Let G C G' C SO(V,^») be connected reductive subgroups such that G k and G ^ 
are both generated by images of cocharacters of K3 type. //Endc/(K) —Endc(K) then G = G'. 

Proof. The proposition implies that G is the identity component of the commutant of Endo'(K) 
inside SO(K,^»); likewise for G'. □ 

2.8 Remark. Let k C L be an extension of fields of characteristic 0. If G C SO(V,fa) is a 
connected reductive subgroup such that G k is generated by images of cocharacters of K3 type 
then the same is true for Gp C SO(V^, fa): use that Gj. is Zariski dense in Gp. 

2.9 Remark. Theorem 12.61 and its Corollary 12.71 fill what appears to be a gap in Andre’s 
paper [2- Specifically, the last sentence of loc. cit., Section 7.4, is correct but only refers to the 
setting of Hodge-Tate modules, i.e., local Galois representations. The above results provide the 
needed analogue for global Galois representations. 
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3. Norm functors (a.k.a. corestrictions) 


3.1 We shall need some basic results about the norm, or “corestriction”, of algebraic structures. 
A basic reference for this is Ferrand’s paper [19] ; see also [323. We only need these notions for 
an extension k —> E where k is a field of characteristic 0 and E is a finite etale k- algebra, i.e., 
a finite product of finite field extensions of k, and for our purposes in this paper it suffices to 
consider only neutral Tannakian categories. 

Let 

(3.1.1) Nm E( / t : Mod^ —> Mod^ 

be the norm functor defined in |19| . If M is an FLmodule, Nmwj.(M) is a /c-form of 0 CT M a , where 
the tensor product is taken over the set of F-homomorphisms cr: E —>• k and M a = M ®e,o k. 
By definition of the norm functor we have a polynomial map vm ■ M — 1 ► Nm E/k(M) such that 
VM{em) = Norman, (e) • UM{jn) for all e G E and m € M. 

The norm functor is a 0-functor (non-additive, unless E = k). It has the property that 
Nm E/fc( Hom s(Mi,M 2 )) = Hom A ,(Nm E/fc (Mi),Nm B/fc (M 2 )). 

As shown in [19], if A is an Fi-algebra, Nm B a(d) has a natural structure of a F-algebra; 
this gives a functor 

Nm E /k ■ Alg B -> Mg k 

that on the underlying modules is the norm functor (13.1.ID . The polynomial map va ■ A —> 
Nmg^(d) is multiplicative; see [TjJ], Prop. 3.2.5. If A is a central simple Fi-algebra, Nm E ^(d) 
is what is classically called the corestriction of A to k , which is a central simple F-algebra. 

Let G be an affine Fi-group scheme with affine algebra A = r(G, Then Nmgy^d) has 
a natural structure of a commutative Hopf algebra over k and this is the affine algebra of the 
fc-group scheme ResE/kG. (See [19], Prop. 6.2.2.) 

Let V be an Fi-module of finite type, and write N(V) = Nm^^L). We have a natural 
homomorphism ry: Res£/j.GL(V) —> GL(AI(V)). On F-valued points it is the homomorphism 
that sends an FLlinear automorphism / £ GL(V) to Nm^,(/). If V is a faithful Fi-module, 
Ker(ry) = C Res£/fcGL(V), with notation as in IQ.lOl eL If V is not a faithful Fi-module, 
N(V) = 0 and rj is trivial. 

3.2 Let W be an affine group scheme over k and consider the neutral Tannakian category 
‘rf = Rep fc (Sf). Let ’Wie) be the category of FLmodules in < W. Then ‘Wie) is Rep e(^e)- 

Let V be an Fi-module of finite type. Denote the underlying A:- vector space by VW • We 
assume given a representation p: We —>• GL(R), making V into an object of ^(e)- Note that to 
give p is equivalent to giving a homomorphism W Res^/fcGL(R). This, in turn, is equivalent 
to giving p: W —> GL(V(^\) such that the Fi-action on V commutes with the £f-action. The 
homomorphism p makes VA) into an object of and V H > Vr k ) (or better: /5 i—>• /o) is the 
forgetful functor W(e) —> W. 

3.3 Keeping the notation of 13.21 the Tannakian subcategory (VA))® C ^ generated by V(k) 
is equivalent to Rep fc (G), where G := Im(p) C Res^/fcGL(K) C GL(VA)). The Tannakian 
subcategory (V)® C ^(E) generated by V is equivalent to Rep fc (G£;), where Ge is the image 
of the natural homomorphism Ge —> GL(R). Note that the quotient map Ge Ge is not 
injective, in general; this corresponds to the fact that not every FLmodule in (K(fc))® comes 
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from an object of (V)®. As an example, suppose G = Res E/ k H for some algebraic subgroup 
H C GL(V'). In this case Ge = H and Ge — Ge is the canonical quotient map Ge —> H. 

3.4 With V as in 13.21 we can also form the k -vector space N(V) = Nm^^b) and consider the 
representation 

G ^ Re SE/k GL(V) A GL (N(V)) , 

where tj is the homomorphism defined in 13.11 This makes N(V) into an object of (VA)}® C . 
If V is a faithful E-module, the Tannakian subcategory ( N(V ))® C is equivalent to Rep(Gi), 
where G\ =G/(GC I Tjf) is the image of G in GL(JV(R)). 

Associating N(V) = Nm^^k) to V defines a (g)-functor N: ^(e) which is non¬ 

additive, unless k = E. We again call this N a norm functor. 

For V as above we have a natural map End—>■ End^(lV(R)). This is a “normic law” 
in the sense of [19]; by definition of the norm functor it therefore factors as 

(3.4.1) End^E) A Nm £/fc (End^ ) (G)) A End v {N(V)) 

with a a homomorphism of fc-algebras. 

3.5 Lemma. With notation as above, suppose G = Res E/ k H f or an algebraic subgroup H C 
GL(E). 

(i) The homomorphism a in (13.4. ip is an isomorphism. 

(ii) The natural map N(V H ) —>• N(V) G is an isomorphism. 

Proof. It suffices to prove the assertions after extension of scalars to k. Let E (E) be the set of 
fc-homomorphisms E —>• k, and for a € E (E) let a subscript “cr” denote the extension of scalars 
from E to k via a. Then the assertions just say that 

® End(G CT )^ AEnd( (g) and (g) {V a ) Hrj A ( (g) , 

o-es(s) o-eS(E) o-es(s) o-eS(E) 

which are clear. □ 

3.6 From the description of the norm functor given in 13.41 it is not clear whether this functor 
depends on the choice of a fibre functor on . An alternative description, from which it is 
clear that it does not depend on such a choice, and that at the same time allows to extend 
the construction to more general tensor categories (including non-neutral Tannakian categories), 
is the following. It is important here that char(fc) = 0, so that the symmetric algebra of a 
fe-module W is the same as the divided power algebra Tfc(W). We have not yet attempted to 
extend the construction to coefficient fields of positive characteristic. 

Let d = [E : I\\. As explained in [19], Section 2.4, Sym^(E) has the structure of a /c-algebra. 
The norm map Norm E/ k E ~> k, which is a homogeneous polynomial map of degree d, induces 
an augmentation Syrn^(E) —>• k (i.e., a homomorphism of /e-algebras that is a section of the 
structural homomorphism k —> Sym f(E)). The norm functor N: ( &(e) ~t associates to an 
object M of ^(e) the object 

Sym k{M(k)) ®Sym ilE) k - 

(Cf. [19] . the construction in the proof of Theoreme 3.2.3.) For /: M —> M' a morphism in 
the induced N(f ): N(M) —> N(M') is given by Sym d (f) ® id. 
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3.7 Example. For E a number field, consider the norm functor N: QHS(m —>• QHS. Let 

E{E) be the set of complex embeddings of E. If V is a Q-Hodge structure of weight n 
on which E acts, we have a decomposition Vc = © CT gs(_B) Vc(c) and for each a a decom¬ 
position V<c{a) = (Bp+q= n Vc{cr) p ’ q , such that complex conjugation on Vc restricts to bijec- 
tions Vc(cr) p,q —> Vc(cr) q ’ p ■ If E is the normal closure of E in C we have a decomposition 
Ve = S(-E) Vj^ct), and the Q-vector space N(V) = Nm E ^(F) is the space of Gal(E/Q)- 

invariants in V|j(cr). It I 13 - 8 Q-dimension dim^E)^ 1 *®. The Hodge decomposition of 

N(V)c = ©o-eE(E) Vc(a) is given by 

N(V)% = £ ® V c (<TfW«W 

(p,q) o-eS(E) 

where the sum is taken over all functions (p, q ): S(E) — > Z 2 with ^ p(cr) = i and q(a) = j. 
In particular, N(V) is a pure Hodge structure of weight n ■ [E : Q], 

3.8 Remark. To avoid confusion, let us note that the norm functor N: t & is not 

additive, in general; in particular, it is not adjoint to the extension of scalars functor —>• ^(e)- 
Also note that in the previous example V and N(V) in general have different weight (and can 
even have weights of different parity); this shows that in general there are no non-zero morphisms 
between V^ and N(V). 

3.9 Let E be a finite etale Q-algebra, i.e., a finite product of number fields. Let V be a motive 
over C with a faithful action of E by endomorphisms, and write N(V) = Nm E /Q(V). The 
following result gives some relations between the Tate and Mumford-Tate conjectures for V and 
those for N(V). As always, £ is some fixed prime number. 

3.10 Proposition, (i) The group G® (V) is reductive if and only if G°(N(V)) is reductive. 

(ii) If the Mumford-Tate conjecture for V is true then also the Mumford-Tate conjecture 
for N(V) is true. 

(iii) Suppose there exists a non-degenerate symmetric E-bilinear form <f: V x V —)• E such 
that G mo t(V) C Oe/q(V,(/)). Then the Mumford-Tate conjecture for N(V) implies the Mumford- 
Tate conjecture for V. 

(iv) If W\ and XV -2 are motives, the Mumford-Tate conjecture for W\ © W 2 implies the 
Mumford-Tate conjecture for W\ © W 2 . 

Proof. As a special case of what was discussed in 13.41 we have isomorphisms 

(3.10.1) G b (V)/Z ^G b {N(V)) and G° e (V)/Z e ^ G° e (N(V)) , 

where Z = Gb(E) D and Zi = G® (V) fl {Tf <S> Q^). Part (ii) follows, and (iv) is the special 
case of (ii) where E = Q x Q. 

By 0, Corollary 14.11, if we abbreviate G®(V) to Gf_ and if ir: Ge —» Gi = GtfZi is the 
quotient map, 7r(-R u (G^)) = R u (Gi). On the other hand, as T^ is a torus, R, U (G{) n {T'f ©Q E ) = 
{ 1 }. Hence R n (Gg) R u {Gf), which proves (i). 

(iii) Because G mo t(V) C Oe/q(V,(/>), the above group schemes Z and Z £ are finite. As all 
groups in question are connected, it follows from (13.10.11) that MTC(./V(E)) implies MTC(V). 

□ 
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4. The Kuga-Satake construction in the presence of nontrivial 

endomorphisms 


4.1 Notation and conventions. Throughout this section, A; is a field of characteristic 0 and 
k C E is a finite etale extension. Choose an algebraic closure k C k. We denote by X(T!) the 
Gal(fc/fc)-set of fc-algebra homomorphisms E —>• k. 

It will be convenient to denote restrictions of scalars and norms (=corestrictions) by a 
subscript u E/k”. fCf. IQ.10V ) For instance, if V is an C-module equipped with a symmetric bilinear 
form <f> and C + (V, (j>) is the even Clifford algebra, we write SO E/kiV^) for Res£/fcSO(V, 4>) and 
Cg/ k (V,(j)) for the ^-algebra Nm E / k C + (V,(f>). 

A subscript “(/c)” indicates that we forget the AL-structure on an object. For instance, with 
V as above, VW denotes the underlying fc-vector space. 

For a G £(F7), a subscript “a” denotes an extension of scalars via a. Thus, for instance, 
V a = V <S> E,a k and cf> a denotes the extension of (j) to a P-bilinear form on V a . 


4.2 Let V be a nonzero free Fi-module of finite rank, equipped with a non-degenerate symmetric 
U-bilinear form (f>: V x V —> E. We denote by (f> = trace^/*, o^>: Vt k \ x V( k ) —> k its transfer. We 
then have an isomorphism of Clifford algebras C E / k (V,(j)) —> C'(VA), </>), inducing an injective 
homomorphism 

(4.2.1) C+ /k (VA)^C + (V {k) ,0). 

Left multiplication in the even Clifford algebra gives rise to a representation 
Pspin : CSpin E/k {V,4>) GL (C+ /k (V,0)) . 

The kernel of this representation is the subtorus C CSpin E / fe (V, cj>), with notation as in lO.lUf e). 
We denote the quotient group CSpin E / fe (V, (f>)/Tg by CSpin E / k (V,(j)). 

We also have a representation 


Pad : CSpin B/fc (V,0) -» SO E/k (V^) -4 GL(C+ /k (V,$)) , 

obtained from the action of SO(V, q i>) on C + (V , (j>) by transport of structure. 

Let 

D = C+ /k (V,}), 

which is a semisimple /c-algebra. We shall use the notation D when it appears in its role as 
algebra, and write Cg, k (V,(/>) for the underlying F-vector space, which enters the discussion 
in a different role. The right multiplication of D on C^, k (V, <p) commutes with the action of 
CSpin E / k (V,(j>) via p S pin- We have an isomorphism of CSpin E / fc (k r ,(/^-representations 

(4-2.2) kd E / k {V, </>) a d = End p(C E ^ k (V, </>)spin) , 


where the subscripts “ad” and “spin” indicate through which representation CSpin s / fe (V, (j>) acts. 


4.3 Through the homomorphism (14.2.111 . we have a homomorphism 

CSpin^y, 0) -» CSpin E/fc (V, 4>) CSpin(V (fc) , </>). 
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The algebraic subgroup CSpin E / k (V, f>) C CSpin(V(fc), (j>) is the inverse image of SO£/fc(V,<(>) C 
SO(V (k) , if) under the natural homomorphism CSpin(V(fc), f>) —> SO(V(/ c ), 0); so we have a diagram 

CSpin B/fc (V,0) 

CSpin E/k (V,(f>) C CSpin(F (fe) ,0) 

so B/fe (v, 4>) C so {V {k) ,<j>) 

in which the square is cartesian. 

Consider the representation 

R spin : CSpin £/fe (V,0) CSpin( V {k) , cf) GL(C'+(F (fe) , </>)) , 

where r sp ; n is the spin representation of CSpin(VA)> 0)- By construction, p sp i n is a direct sum¬ 
mand of -Rspin- 

4.4 Lemma. Let a be an algebra automorphism of D = C^ k (V, (f) that commutes with the 
action of Spm E / k (V,(f>) via p ac j. Then a = id^- 

Proof. We have 

CE /k (v,$)®k®= 0 c + (v a ,M 

o-eS(E) 

and 

Spin^V, 4>) <g> fc Q = Y[ Spin(14, f a ). 

creX(E) 

In this description the representation p^d is the exterior tensor product of the representations p a d 
of the factors. 

Consider a fe-linear automorphism of (g> C + (V a , <f) a ) that commute with the adjoint action 
of the group Spin(I4-, (f a ). Any such automorphism is of the form a = ®a a , where a a is a 
linear automorphism of C + (V a ,(f a ) that commutes with the adjoint action of Spin(V^, (j) a ). If 
additionally a is an algebra automorphism, a(l) = 1 implies that we may rescale the a a such 
that a a ( 1) = 1 for all a. Then all a a are algebra automorphisms and the assertion now follows 
from Em Proposition 3.5. □ 

4.5 In the rest of this section we specialize the above to the case that k = Q and E is a totally 
real number field. 

Let ( V,(j )) be a polarized Hodge structure of K3-type. fSee 10.101 1 Suppose E acts on V 
such that cf(ev,w) = <f)(v,ew), and let </>: V X V —> E be the .E-bilinear lift of <p. The Hodge 
structure is then described by a homomorphism h: § —> SO^/q(H, f >)r C SO(V(q), f>). As in [15], 
4.2, there is a unique lifting of h to a homomorphism h: § —> CSpin(V(Q), 0 )r of weight 1, and 
by what was discussed in 14.31 h factors through CSpin E /Q(H, <^)r. 

View / 0 sp i n and R sp in a s representations of CSpin B /Q(V, <f>). The representation p sp i n o h 
defines a Q-Hodge structure on Cgm(P,^)- Similarly, .R sp i n o h defines a Q-Hodge structure 
on C' + (V[q), 0), which by [15], Section 4, is polarizable and of type (1,0) + (0,1). As p S pin is 
a direct summand of R sp i n , it follows that the Hodge structure (f) is polarizable and 
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of type (1,0) + (0,1), too. Moreover, as the algebra D = Cg^(V, (j)) acts on C e/ ( from 
the right) by Hodge-endomorphisms, this defines a complex abelian variety A (up to isogeny; 
see our conventions in 10.101 with multiplication by D. We refer to A with its E-action as the 
Kuga-Satake variety associated with (V, (j>). It follows from the construction together with (|4.2.2[) 
that we have an isomorphism of Q-Hodge structures 

>, 0 ) : C e/q( V ^) =Vnd D {H\A,®)) . 

4.6 The construction of the Kuga-Satake abelian variety also works in families. Let S be 
a non-singular complex algebraic variety and (V, f>) a polarized VHS of K3 type over S with 
multiplication by a totally real field E. (This means we are given a homomorphism E —> 
EndQ\/HS s (V).) Fix a base point 1 G S and write V = V(t) for the fiber at t. We assume that 
the VHS comes from a Z-VHS over S; this just means that there exists a lattice in V that is 
stable under the action of Ti\ {S. t). In this situation there exist a finite etale cover n: S' S, an 
abelian scheme g: A —>■ S' (up to isogeny) with multiplication by the algebra D = 
and an isomorphism 

«(V ,f>) : ’ k * C e/ q( V > 4>) End D (i? 1 5*Q j4 ). 

of algebras in the category QVHS5/. It is of course understood here that the fiber of A — > S' over 
a point s' € S 1 is the Kuga-Satake abelian variety associated with the fiber of V over tt(s') € S. 
The construction of A/S' is an easy variation on what is explained in [ 15] . § 5 and in [ 2 ], § 5. 


5. Motives with real multiplication 

5.1 Let X be a non-singular complex projective variety. Let M C H 2 (X) be a submotive 
that is cut out by an algebraic cycle (see 11.91) . with dime (Mg ^) = 1. Suppose we have a 
decomposition of the motive M( 1) as M(l) = V © T, where T is spanned by divisor classes 
on X. (So T = l® r for some r > 0.) Suppose further that the motive V has multiplication by 
a totally real field E. 

Let V be the E-vector space underlying the Hodge realization of V and denote by V)q\ 
the underlying Q-vector space. Through the choice of an ample bundle on X, we get a non¬ 
degenerate symmetric pairing (j)\ V V —>• 1 e- (The ample bundle gives a bilinear form 
4>- V(Q) <8 >q V[q) —> Q and (j) corresponds to the E-bilinear lift of <f> as in lO.lOf cbl 

The goal of this section is to prove the following result, which in the next section will be 
used to prove some cases of our main theorem. 

5.2 Proposition. Notation and assumptions as m l5.11 Assume that dimE(V) = 2?n+l is odd. 
Further assume there exists a complex abelian variety A with multiplication by the even Clifford 
algebra D = C^,q(V, 4>) and an isomorphism 

(5.2.1) u: C+ /Q (V,0) ^EndoiH^A)) 

of algebras in the category Mote- Then the Tate Conjecture and the Mumford-Tate conjecture 
for the submotive M C H 2 (X) are true. 

To prove the Tate and Mumford-Tate conjectures for M, it suffices to prove these conjectures 
for V. 
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5.3 With notation and assumptions as above, there exist 

- a variety Y over a finitely generated field K C C and an isomorphism a: Yc —> X ; 

- a submotive W C H 2 (Y)( l) that is cut out by an algebraic cycle, an action of E on W, 

and a form ip: W ®e LF —> 1 e in such that the isomorphism a* \ H 2 (X)(Y) 

iT 2 (Yc)( 1) restricts to an E-equivariant isomorphism V Wc via which <j> corresponds 
with ip c; 

- an abelian variety B/K with multiplication by D , and a D-equivariant isogeny .Be —> A; 

- an isomorphism C^q(W,^>) = End n (-H 1 (B)) of algebras in the category Mot^' that after 
extension of scalars to C gives back the isomorphism (15.2.11) . 

In what follows we fix these data. The assertion we want to prove is that the Tate conjecture 
and Mumford-Tate conjecture for W are true. As explained in Section [T] we may replace the 
ground field I\ by a finite extension. In particular, we may, and will, further assume that 

— the group Gi(W) is connected; 

— the 3-torsion of B is ET-rational; 

- the algebraic part VF alg of W (see ll.lOl) is isomorphic to l® fe for some h. 

5.4 We retain the notation and the conventions introduced in 14.11 taking k = Q. Let © = 

©(E(E)) be the symmetric group on the set E(E). Let 2 be the set of ©-orbits in N s ^. 
We give 2 a poset structure by the rule that for orbits q and q' we have q < q' if there exist 
representatives e, e 1 E such that e(a) < e'(a) for all a E E(E). (Less canonically, the 

elements of 2 correspond to Young diagrams with \E : Q] rows, and q < q’ if and only if the 
Young diagram of q' contains the diagram of q.) 

Consider the motive Cg /q(W, ip), which is an object of the category MotA"- We have an 
ascending filtration F. indexed by 2 on this motive that can be described as follows. We think 
of G mo t(VE) as an algebraic subgroup of Oa/q(W, ip). The motive C~jp^(W, ip) then corresponds 
to the G mot (W(-representation ip). 

Recall that dimg(I / E) = 2m + 1. We have 

C+ q (W^)^qQ= 0 C + (W a ,^ a ). 

<x<E£ (E) 

For i E N and a E F(E), let F„^ C C + {W a , ip^) be the image of ®j< 2 i W# 2 in C + (W a , ipo). 
Note that F a , rn = C+(W a , ip a ) and that F^ m /F^ m _ x ® f\ 2m W a = W y a © det (W a ). 

For e E let F e = <® a F (J ^ cr ). For q E 2 we then define F q C C + {W rT ,ip ( j) to 

be the linear span of all F e for e E q. The Gal(Q/Q)-action on C + (W a , ip a ) preserves the 
subspaces F q . The space F q = ^ ip) of Galois-invariants in F q is stable 

under the action of Oe/q{W, ip), and we define F q C C^^(W ,ip) to be the corresponding 
submotive. 

Let q -2 E 2 be the orbit of (m — 1, m ,..., m ) and let q\ = {(m,..., m)} E 2. Then q 2 < q\ 

and 


FjF q2 - Nm s/Q (Al fW) 

^NmA/ Q (LF v ® E det^(W)) 
= Nm E / Q (LY det e(W)) 

= Nm B/Q (W) <8 >q det(W (Q) ), 


18 







where we use the isomorphism W v = W given by the form ijj. Because the category Mot^ 
is semisimple, it follows that Nmgm(W) (8>q det(W(Q)) is (non-canonically) isomorphic to a 
submotive of End p ( H 1 (B)). 

5.5 Let Ei = E <g) Qg. By our assumptions, Gg(W) C 0 Ee (W^, ipg) is connected; hence 
Gg(W ) is in fact a subgroup of SO Ee /Q e (Wi, ijjg). By what was discussed in 13.41 the image of the 
f-adic representation associated with the motive NmwQ(VL) is isomorphic to Gg(W)/Zg, where 
Zi = G((W)nTp f . which is a finite central subgroup scheme of Gg(W). As the Cadic realization 
of det(W(Q)) is trivial, the conclusion of 15.41 together with Faltings’s results in [18] imply that 
Gi(W)/Zi, and hence also Gg(W), is reductive. This implies that the Aadic representation pw,£ 
is completely reducible. 

For the Mumford-Tate groups we have a similar situation. Let Z = G B (W) 0 T e , which is 
a finite central subgroup scheme of Gb(FF); then 

G b (W)/Z ^ G B (Nm m (W)) = G B (Nm E/Q (lT) ® det(W (Q) )) . 

As NmgyQ(VF) <S> det(W(Q)) lies in the category of abelian motives, it follows from Deligne’s 
results in EZI that 

Gi(W)/Z C (G b (W)/Zi) ®Qi 

as algebraic subgroups of GL(Nm E /Q(LF) ® det(W(Q)) <g> Qg- As Gi(W) and G B (W) are con¬ 
nected groups, this implies that 

(5.5.1) G e (W) CG b (VF)®Q £ 

as algebraic subgroups of GL(VF(q)) <g> Qr- 

5.6 By Zarhin’s result [39], Theorem 2.2.1, and its Gadic analogue Theorem 12.61 there exist 
algebraic subgroups H B C GL(LF) (over E) and Hi C GL(W^) (over Ei) such that G B (W) = 
Res E /Q(H B ) and Gg{W) = Res E( /Q e {Hi). 

Because Nm E /Q(VF)i8)Qdet(W(Q)) is isomorphic to a submotive of End D ( y H 1 (B )'), Faltings’s 
results imply that 

[Nm B/Q (W B ) det(lF B ,(Q))] GB(W) ® Qr [Nm E(/Qe (Wi) <g> Q det(TT w )]' Ge{W) 

under the comparison isomorphism between Betti and Gadic realizations. Because det(WB,(Q)) 
and det(W^(Q f )) are trivial as representations of G B {W) and Gi(W), respectively, Lemma fc.Sf n) 
gives that 

Nm Ee/Qe (wg B ® E Ei) = Nm E/Q (wg B ) <g> Q Q e ^ Nm Et/Qt (W^) . 

On the other hand, W^ B = and W f Ht = so it follows from (15.5.11) that 

® E Ei ^ W? e under the comparison isomorphism W B ® E Ei Wp. Combining these 

remarks we find that 

(W B , m f B{W) ®q Qp A ( W me) f e(w) . 

Because W is a submotive of iT 2 (T)(l), all classes in (^B,(Q)) Gb(W) are algebraic by the 
Lefschetz theorem on divisor classes. Hence all classes in (Wp^Q^) G( ^ w ^ are algebraic as well, 
and together with the conclusions obtained in 15.51 this proves the Tate conjecture for divisor 
classes on W (and hence on M C H 2 {X)). 
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5.7 Notation. We fix an algebraic closure (Q^ C Qi containing Q. This gives an identification 
of E(E) with the set of (Q^-algebra homomorphisms Ee —> We shall use the notation E(E) 
in both meanings. A subscript “<r” will denote an extension of scalars from E to Q or from Ee 
to Qi, as will be clear from the context. Let 

Ei = Ei Q e = Qi- 

<reX(E) 

Similarly, we let 

We = We (g>Q £ Q* = (J) We, a and h](B) = H}(B) ®<Q t Oe 

ct£E (E) 

and, with Di = D < 8 >q Q^, 

Di = Di ®Q e Q i = (^) C + (We,a, Vv) ■ 

crGS (E) 

For the proof of the Mumford-Tate conjecture, we shall need to compare the endomorphisms 
of Wb as a Hodge structure and of We as a Galois representation. A key step is the following 
result. 

5.8 Proposition. Let (3 be a Gal (K / K)-equivariant Ei-linear isometry of We- Then f3 is in 
the image of the map 

EndQHS (B) (W / B) Ei c —> End -^JfWe) ■ 

Proof. Write Tk = Gal(K/K). For a E £(E), let (3 a be the restriction of f3 to the summand We a- 
Write C + (f3 a ) for the induced automorphism of C + (We, a , ipa), which is T^-equivariant. The 
tensor product ® a e_Y.(E)C + {l3 a ) is a Galois-equivariant automorphism of the algebra 

® C+(W t ,<,,$*) = C+ t/Qt (W t ,fj>) < 8 >q, Qe = End ^{H^B)) . 

crGE (E) 

As dirri/j(VF) is odd this algebra is a matrix algebra over Q^, so by Skolem-Noether there ex¬ 
ists an automorphism 5 E Aut {h\{B)') such that <8>C' + (/3 cr ) = Inn(<5) as automorphisms of 
End-^ (H\(B)y Because (/3a) is Galois-equivariant and the centre of End^ (h\(B )) is 
- id, we find a character %: Tk —> such that 

(5.8.1) 1 5 = x(t) ■ & 

for all 7 E Tk- (To avoid confusion, note that 7 <5 is the conjugate of 6 by the automorphism of 
h\(B) given by the action of 7 .) 

Taking determinants over we find that x(l) £ hZgiQ.e), where g = dim(H). On the other 
hand, the relation (|5.8.1I) means that 5 defines an isomorphism of Galois representations h\[B){ g) 
X —> h\(B). It follows that 7 lies in the Tannakian subcategory of Rep(r^,(Q^) generated by 
h\(B). By the connectedness of G^(iT 1 (H)), which is a consequence of the assumption (see 
the beginning of 15.41) that the 3-torsion of B is it-rational, it follows that x = 1; so <5 is a 
r^-equivariant H^-linear automorphism of h\{B). 

By the results of Faltings (see |18] , Thm. 1), 5 and (W 1 are in the image of the map 

End QH S,D(#B(£)) Q* —> End D t { H \{B)) 
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induced by the comparison isomorphism H^(B) <S>Qe —> Hj(B). Next we consider the diagram 

Ce/ q(Wb,V0 <8>q <0^ 

! 

^E e /Q t (We,tf>) Qe 

where u-q and u £ are the realizations of the isomorphism u in Proposition 15.21 and the vertical 
maps are given by the comparison isomorphisms. Because this diagram is commutative, we find 
that there exists 0\,... , 9 n € EndQHs(C^AQ(WB> VO) aR d ci,..., c n € such that ci#i + • • • + 
c n 9 n = ®C + {j3 a ) as endomorphisms (in fact, automorphisms) of (H 7 ^, ip) Q £ . 

Next we note that (g)C' + (/3 cr ) preserves the filtration F. introduced in 15.41 If we denote by 
End^ C End the subspaces of endomorphisms that preserve F., the squares in the diagram 


> Endi)(i?g(B)) 

« B ®id 

l 

- > End D e (H}(B)) ®Q t Q e 

u,£®id 


End^ HS {C+ /Q (W B ^)) 

n 

End^ (<7+^(1^)) $ 




C EndQ H s(G+ /Q (IT B ,^)) © 

n 

C End Q (C+ /Q (WB,V0) 

l 


are cartesian. Hence we may additionally assume that the endomorphisms 9j preserve F.. Taking 
the induced actions on F qi /F q2 as in 15.41 we find that 


<8>Ar G End(® CT W£ j<t ) = End(Nm E£ /Q^(H / £)) <g>Q e Q e = EndQ(Nm s / Q (IE)) <8 >q Q £ 

lies in the subalgebra End^jns (Nmg^)!!^)) <8 >q Qe- 

Let H C GL(W) be the algebraic subgroup such that G B {W) = Res^/Q(Lf); see 15.71 Then 
the information we get is that ®ft a commutes with the action of H a on ® a W £ ,a- This implies 
that each /3 a individually commutes with the action of H a . Finally, 


EndQHs ( _ E) (R / B) ®E End -g (Wf) 


ft, Vnd^ [Ha] (We, a ) 


Yla End 


0 ,(^ 


and the proposition is proven. 


□ 


5.9 Lemma. Let ( D , *) be a semisimple algebra with involution over an algebraically closed 
field F of characteristic 0. Then D is generated, as an F-algebra, by the elements d € D with 
dd* = 1. 


Proof. There is an immediate reduction to the case that ( D , *) is simple as an algebra with 
involution. Then (D,*) is isomorphic to one of the following three (for some n): 

(1) M n (F) with involution A i— A l \ 

(2) M n (F) with involution A H > A* (adjoint matrix); 

(3) M n (F) x M n (F) with involution ( A,B ) i—* (B t ,A t ). 

In the first two cases the result follows by the double centralizer theorem and the remark that 
the standard n-dimensional representations of O n (F) and SL n (E) are (absolutely) irreducible. 
Similarly, in the third case we are looking at the representation St © St v of GL n (F), with 
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St the standard representation. In this case the subalgebra D' generated by the d G D with 
dd* = 1 is semisimple with centralizer F X F, and by the double centralizer theorem we get 
D' = M n (F) x M n (F). □ 

5.10 Corollary. Writing Yx = Ga \{K/K), we have 

Etl&eat K }(W g ) = EndQHS (B) (bl / B) E g , 
viewing both sides as subalgebras o/End^(Wr). 

Proof. Because G g (W) C G-q(W) <S> Qr fsee 15.51) we have the inclusion “D”. It suffices to prove 
the other inclusion after extension of scalars to Eg. The pairing if/> (the Cadic realization of 
the form if on the motive) induces an involution * on the semisimple algebra End-g^p^ (We), 
and the elements with dd* = 1 are precisely the r^'-equivariant isometries of W(. Now use 
Proposition 15.81 and Lemma [5.91 □ 

5.11 We now derive the Mumford-Tate conjecture for W, thereby completing the proof of 
Proposition 15.21 

By the assumptions made in 15.31 we have a decomposition W = VP tra ® l® 1 ' in Mot^rg) 
such that the underlying motive (forgetting the E-module structure) is the transcendental 

part of W(Q). By the Tate conjecture (see !5.6lh there are no non-zero Tate classes in By 

Pink’s theorem 12.41 G g (W) < 8 > Q g is generated by the images of weak Hodge cocharacters. 

By the results of Zarhin that we have reviewed in 12.11 EndQHs(B / ^ ra Qp is a held F that 
contains E; hence EndQHS (B) (fPe™) — EndQHs(f^B r (Q))- Similarly, because there are no non-zero 
Tate classes in ,, Theorem 12.61 gives us that EndQ^r^ ] (IT^q^ ) is a commutative semisim¬ 

ple Qralgebra containing E g ; hence End^ [r ^](H^ tra ) = EndQ {[rA .](lT^ ) ). By Corollary ETTO] 
it follows that EndQHs(kpB,(Q)) < 8 > Qf = EndQ^rpMlP^Qo), and the Mumford-Tate conjecture 
Gr{W) <g> = G g (W) then follows from Corollary 12.71 

6. Monodromy and the Mumford-Tate conjecture: the totally real case 

6.1 Let 5 be a connected non-singular complex algebraic variety and /: S a smooth 

projective morphism such that the fibres SG s are connected algebraic varieties. 

Let £ G 5(C), and let M £ d H 2 () be a submotive that is cut out by a tt i (5, £)-invariant 
projector p^. Then p £ is the value at £ of an idempotent section p G H° (5. End fi ? 2 f*Q <r )). and 
by [3], Theoreme 0.5, p s is a motivated cycle for every s G 5(C). Denoting by M s C H 2 (& s ) 
the submotive cut out by p s we obtain a family of motives {.ZVf s } sg g(e) parametrized by 5. The 
Hodge realizations of these motives form a direct factor M C R 2 f *in QVHSg. In what 
follows we assume that dirriir(My°) = 1 for all (equivalently: some) s G 5(C). 

The main result of this paper is the following. 

6.2 Theorem. Let X be a non-singular complex projective variety of dimension d. Let M C 
H 2 (X) be a submotive whose Hodge realization Mb satisfies dime (Mg °) = 1. Suppose there 
exists a smooth projective family f: 3L —> S as in 16.11 a point £ G 5(C) and an isomorphism 
X —> 3C^, via which we identify M with a submotive M £ C H 2 (3F(f), such that: 
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(a.) M(. is cut out by a 717 ( 5 , £)- invariant projector p £ E EndMot c (-?? 2 (^)) that is of the form 
= 7 T 2 o 0/(7) o 7 T 2 for some 7 E CH d (X X A') (g> Q, 

(b) the associated variation of Hodge structure M C R 2 f* Qjr, as in 16.11 is not isotrivial. 

Then the Tate conjecture and the Mumford-Tate conjecture for M are true. 

The Main Theorem stated in the Introduction is the special case where M = H 2 (X), so 
that pg = id, in which case condition (a) is automatically satisfied. At first reading of the proof, 
it is advisable to keep this case in mind. 

We start with some preparations for the proof. Some remarks to help the reader to navigate 
through the proof will be made in 16.81 

6.3 We retain the notation of the theorem, and we assume that condition (a) is satisfied. The 
notation of 16.11 then applies. Let 5 gen C 5 be the Hodge-generic locus for the Q-variation of 
Hodge structure M. The choice of a relatively ample bundle on 3C gives us a polarization form 
on this VHS. 

Let M = M£ be the Q-vector space underlying the Hodge realization of M%, and let 
Gmon(M) C GL(M) denote the algebraic monodromy group of the VHS M. We assume that 
G mon (M) is connected; this can always be achieved by passing to a connected finite etale cover 
of S. We then have an orthogonal decomposition M(l) = V © Q ® /3 in QVHSg such that for 
s E 5 gen the fibre Y s has no non-zero Hodge classes. We again write (j) for the restriction of <j> 
to V. 

Let V = Vg. Let Gb(V) C SL(V) be the generic Mumford-Tate group of the VHS V. 
The subspace V C M is stable under the action of G mon (M). The homomorphism G mon (M) —> 
GL(V) is injective and identifies Lr mon (M) with the algebraic monodromy group G mon (V) of 
the variation V. By the result of Y. Andre in [T] , Section 5, G mon (V) is a normal subgroup of 
G^ er (V). 

The variation V is of type (—1,1) + (0,0) + (1, —1) with Hodge numbers 1 , n, 1 for some 
n > 0. Let E = EndQVHS s (V) be the endomorphism algebra. For s € S we have an injective 
homomorphism E ^ EndQHs(V s ) and for s E 5 gen this is an isomorphism. By {39| . Theorems 
1.5.1 and 1.6, it follows that either E is a totally real field and G'b(V) = SO_e/q(V, (j>), or E is a 
CM-field and G'b(V) = U e/q(V,4>)- (Cf. Section l2Tl ) 

Let v: S —» S be the universal cover of S for the complex topology, and fix a trivialization 
v*Y — V X S. The variation Y then gives rise to a period map S —> where is a domain of 
type ivif E is totally real and is a complex ball if E is a CM held. In what follows the following 
condition will play an important role: 

(P) The VHS Y is not isotrivial, i.e., the period map of Y is not constant. 

This condition is equivalent to the condition that the VHS M is not isotrivial, which is condi¬ 
tion (b) in Theorem 16.21 

For s E 5(C), let h(s) be the Q-dimension of the space Y s flV^ of Hodge classes in Y s . 
By construction, h(s) = 0 for s E 5 gen . 

6.4 Proposition, (i) The following three conditions are equivalent. 

(a) Condition (P). 

(b) The connected algebraic monodromy group G mon {Y) is not the trivial group. 

(c) The function h: 5(C) — > N is not constant. 
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(ii) Assume (P) holds. If E is a totally real field then rkg(V) >3, if E is a CM-field then 
rk E (V) > 2. 

(iii) Assume (P) holds. Then the variation V has maximal monodromy, by which we mean 
that G mon (^T /S) = Gg er (^T /S), except possibly when E is totally real and dirndl/) = 4. 

Proof. That (P) implies (b) follows from the Theorem of the Fixed Part. Conversely, sup¬ 
pose the period map of the variation V is constant. The image of the monodromy repre¬ 
sentation r: ni(S,£) —» GL(Vr) is a discrete group, as it is contained in GL(Vg) with Vi = 
V fl Z)(l). On the other hand, the assumption that the period map is constant implies 

that the Weil operator C on Vr is invariant under the action of ni(S,£)\ hence Im(r) is contained 
in SO(F/r, <f>), where <L: Vr x V® —> R is the form given by <h(x, y) = 4>r(x, Cy). By definition 
of a polarization, is definite; hence Im(r) is finite. 

That (P) implies (c) readily follows from Theorem 3.5 in {38] , taking into account the 
assumption that dimc(M s ’ ) = 1 for all s £ S. Conversely it is obvious that (c) implies (P). 

For (ii) we just have to remark that the generic Mumford-Tate group cannot be abelian, as 
otherwise the period domain is a point. 

For (iii) we use that G mon (V) is a normal subgroup of Gg er (V), which by (i) is not trivial. 
Further, if Fl is a CM-field then dim^F) > 2 and Gg er (V) = SUe/q(V, f>) is a simple algebraic 
group. If E is totally real then dini£;(C) > 3, and Gg er (V) = SO_e/q(C, (/>) can be non-simple 
only if dirriK(P) =4. □ 

6.5 Let s £ S( C). Then M s is a direct factor of H 2 {^E S )] so by the Lefschetz theorem on 

divisor classes, V s C M s (l) is the Hodge realization of a submotive V s C M s (l). We have 
M S {1) = V s © l* p , where, as in 16.31 p is the dimension of the space of Hodge classes in M s (l) 
for a Hodge-generic point s. As in 11.101 V s = \4 alg © V^ tra , and with h(s) as defined in 16.31 we 
have V"/ 1 ® = By construction, V s = V), tra for s £ 5 gen . 

6.6 Proposition. Assume (P) holds. Then for every s £ S the endomorphisms in E, viewed 
as endomorphisms ofV s , are motivated cycles in End(V s ), i.e., they are the Hodge realizations 
of endomorphisms of V s . 

At one step in the proof we shall refer forward to a calculation in Section 18.11 The reader 
will have no trouble checking that there is no circularity in the argument. 

Proof. For s £ S and e £ E, write e s for the image of e in End(V s ). By [3], Theoreme 0.5, if e s 
is a motivated cycle for some s £ S, the same is true for every s £ S. 

The motivic Galois group f# mo t of the category Mote ac ts ° n End(V s ) by algebra auto¬ 
morphisms. By [2], Lemma 6.1.1, the subalgebra End(V s ) 71-1 C End(V s ) of monodromy- 

equivariant endomorphisms is stable under the action of 

First assume the monodromy of the variation V is maximal, which by Proposition 16.41 is 
automatic unless E is totally real and V has rank 4 over E. In this case, G m0 n(V) = SO^/q^F, <j>) 
(totally real case) or G mon (V) = SUe/q(F, f>) (CM case). In both cases, it follows, taking into 
account Proposition I6.4f iii. that End(V s ) 7ri ^ s,S ' ) is precisely the image E s of E in End(V. s ); 
hence £f mo t acts on E s through its group of held automorphisms. This defines an algebra E s 
in the category Mote- If the monodromy is not maximal, E s is no longer the full subalgebra 
End(V s ) 7ri (‘ 5,s ) but it is the centre of this algebra. See 18.11 for more details. So in this case, too, 
we get an action of f# mo t on E s by held automorphisms. 
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Next we show that the action of ^ mo t on E = E s is independent of s. By definition of E 
we have a constant sub-VHS E C End(V), purely of type (0,0), with fibres the E s . Consider 
the family of motives Horn (E^,E S ) over S, which has as Hodge realization the constant VHS 
Hom (i?f, IE). At s = £ the identity id^: E g —> E s is clearly a motivated cycle, and it extends to 
a flat section of Hom fEA E). By [3], Corollaire 5.1, it follows that id^: E £ —> E s is a motivated 
cycle for all s, and this just means that the f^mot-action on E £ is the same as the one on E s . 

Our goal is to show that f# mot -acts trivially on E. By Proposition I6.4f ih there exists a 
point s £ S such that V s has non-zero Hodge classes, or, equivalently, V^ alg 7 ^ 0. We then have 
f^not-equivariant homomorphisms i alg : E ^ End(V alg ) and i tra : E End(V* ra ) such that the 
endomorphism e s of V s is given by the diagonal element (i aIg (e), i tra (e)). As V^ alg = and 

the unit motive 1 corresponds to the trivial representation of £f mo t, it follows that z alg (e), and 
hence also e s , is invariant under the action of Sf mo t- Cl 

6.7 From now on, we assume we are in the situation of Theorem 16.21 and we keep all notation 
introduced earlier in this section. By Proposition 16.61 E acts on F s = V^ alg © V). tra and the 
motivic Galois group G m ot(Vg) is an algebraic subgroup of 0(V S ,^>) n GLe(V s ) = O e /q(Y s ,4>). 

In what follows, we view V s as an object of the category Mot^e) of E-modules in Mote, 
and we denote by V S ,(Q) *= Mote the object obtained by forgetting the E-module structure. (Cf. 
Section HU ) The same applies to I4 alg and V^ Ta and to realizations; e.g., we view Y s as an 
object of QHS(£) and denote by V S) (q) E QHS the underlying Q-Hodge structure, forgetting the 
E-action. 

Note that V)f lg = l® 1 ^^ for some v(s) > 0, where 1 E = E © 1 denotes the identity object 
in Motc,(e). (The integer h(s) defined in 16.31 then equals v(s) ■ [E : Q].) Further, G mo t(V^) maps 
isomorphically to its image in O E /q(Vs , 4>). 

6.8 In the proof of Theorem 16.21 we distinguish some cases. In the remainder of this section we 
prove the theorem in the case where the field E is totally real, under the additional hypothesis 
that the VHS V has maximal monodromy (which by Proposition 16.41 is automatic if dime(V) 7 ^ 
4). In this case, the result will be deduced from Proposition 15.21 that we have proved in the 
previous section. 

In the next section we treat the case where E is a CM-field. In Section [ 8 l finally, we deal 
with the case where E is totally real and the monodromy is not maximal. 

6.9 We now assume that E is totally real and that G mon (V) = Gg er (V). For s E S( C) we have 
Gmot(ys) C 0 E/Q (y 8 ,<j>). Therefore, we have a well-defined motive C^,^{V S . <fi) E Mote- 

We retain the notation and conventions of HU with k = Q. An extension of scalars from Q 
to Qi is denoted by a subscript For instance, Ep = E ©q Q^. As in IQ.lOl cl we can lift the 
polarization form <f> to an E-bilinear symmetric bilinear form </>: V x V —» E 5 such that <f> = 
trace iq o </>. The even Clifford algebra C + (V, </>) is then an algebra in the category QVHSgr#). 
Its norm C^/q(V, <j>) is an algebra in QVHS 5 . 

We shall take the point £ as in the formulation of Theorem 16.21 as base point. Write V = V^. 
We again write 4> (rather than <ft^) for the polarization form on V. Let 

d = c+ :q (vJ), 

which is a semisimple Q-algebra. As in Section H we use the notation D when it appears in its 
role as algebra, and write Ct, 0 (V,(f>) for the underlying Q-vector space. 
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6.10 We now apply what was explained in 14.61 The conclusion of this is that, possibly af¬ 
ter again passing to a finite etale cover of 5, there exists an abelian scheme it: A —>• S with 
multiplication by D and an isomorphism 

u: C+ /Q (Y,ft ^End D (R\*® A ) 

of algebras in the category QVHSg. 

The fibre of the isomorphism u at a point s is a 7Ti(5, s)-equivariant isomorphism 

u s : C+ /Q (Y s ,ft ^End D (H\A s )) 

of algebras in the category QHS. By Lemma 14.41 and the assumption that the monodromy of the 
variation V is maximal, u s is the only such algebra isomorphism that is 7Ti(5, s)-equivariant. By 
the same argument as in [2], Proposition 6.2.1, it follows that u s is the Hodge realization of an 
isomorphism 

(6.10.1) u<;: C+ /Q (V s ,ft ^VnA D (H\A s )) 

of algebras in the category Mote- 

6.11 If the variation V introduced in l6.3l has odd rank (and hence dime(H) is odd), Theorem l6.2l 
follows from Proposition 15.21 taking s = £ in 16.101 

Next assume that the variation V has even rank. In this case we use a trick due to Yves 
Andre. We start by looking at the variation of Hodge structure = V © E, where E is the 
constant variation whose fibres are E with trivial Hodge structure. Taking the orthogonal sum 
of the form 4> on V and the obvious form on E, we obtain an E-bilinear polarization form 
ft: V # x V** —> E. Possibly after passing to a finite etale cover of 5, we have a Kuga-Satake abelian 
scheme n: A^ —> S with multiplication by an even Clifford algebra D^ and an isomorphism 

Cj /Q (V«,^) AEDdo,^ 1 ^,). 

Note that the fibres of Y^ and C^jq(YK ft) at a point s are the Hodge realizations of motives 
v! = V S ®1 E and C+ /Q (Vl ft). 

We claim that there exists a point s 6 5(C) such that the motive C^/ftVs ift) lies in the 
subcategory Mot(Ab)c C Mote of abelian motives. Before proving this, let us explain how the 
theorem follows. 

Suppose that , ft) is an object of Mot(Ab)c- By [3], Theoreme 0.6.2 (Andre’s 

refinement of Deligne’s “Hodge is absolute Hodge” for abelian varieties), the fibre of the isomor¬ 
phism v!i at the point s is then motivated, i.e., it is the Hodge realization of an isomorphism 
of motives u!): C'^, ,q(V{. ft) End Q (H l (A' s )). By [3], Theoreme 0.5, the same conclusion 
then holds for all fibres in the family. In particular, we can apply this to the fibre at the point 
£ € 5(C) as in the statement of the theorem, and we obtain that ut is the Hodge realization 
of an isomorphism u(: ft) —> End p(iT 1 (A$-)). On the other hand, = X , and by 

construction is a direct factor of H 2 [X){l). Hence if X^ is the variety obtained from X 

by blowing up [E : Q] distinct points, is a direct factor of H 2 (X^)(\). Because V** has 

odd rank over E we can apply Proposition 15.21 This gives the Mumford-Tate conjecture and the 
Tate conjecture for ^, from which the same conjectures for V^q) follow. 
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6.12 It remains to be shown that C^iftVsift) lies in Mot(Ab)c for some s £ S( C). By 
Proposition I6.4H I we can choose for s a point of S( C) such that the fibre V^b contains non¬ 
trivial Hodge classes. By the Lefschetz theorem on divisor classes, the Hodge classes in V Si b, 
which form an .E-submodule, are algebraic; hence there exists a decomposition V s = Vj" © 1 e in 
Mot(r (^). Write C V s for the E-subspace underlying the Hodge realization of Vft and let ft 
be the restriction of the polarization form cp (on the fibre at s) to . The motivic Galois group 
of is then an algebraic subgroup of Oe/q{V^ ,ft). 

We now use a simple fact from representation theory. If (U, q ) is a quadratic space over E 

then 

( \ ©2 
A even (E _L 1)J 

as representations of 0(17, q ). This can be restated as saying that C + (U _L l® 2 ) = C + (U _L l)® 2 
as 0(17, q)- modules. Applying the norm functor, it follows that 

(6.12.1) C+ /Q (U X l® 2 ) - C+ /Q (U X I)® 2 '"® 

as Oe/q(U. g)-modules. 

We apply the preceding remark to U = V^, viewed as a representation of G mo t(V^) = 
Gmot (Vs) ■ In this case the representation U X 1 corresponds to the motive V s and U X l® 2 
corresponds to V}. We have already seen in (16.10.11) that C'ftftV s . ft is an object of the category 
of abelian motives. By (16.12.11) it follows that Cftftvft ft) lies in the subcategory of abelian 
motives, too, which is what we wanted to prove. This concludes the proof of Theorem 16.21 if the 
field E is totally real and the variation V has maximal nronodromy. 


7. Monodromy and the Mumford-Tate conjecture: the CM case 

7.1 In this section we prove Theorem 16.21 in the case where the endomorphism field E = 
EndQVHS s (V) (see 16.31) is a CM-field. Let r: E — > C be the (unique) complex embedding of E 
such that e € E acts on (V <8>q C) 1,_1 as multiplication by r(e). Choose a CM-type <!> C X(Xj 
such that r ^ d>. Let A be the complex abelian variety (up to isogeny, as always) of CM- 
type (E, d>). Concretely, H 1 (A,Q) = E as an E-module, and the Hodge decomposition of 
H l (A,C) = ©^gs (E) C (ct) is given by 

H 1,0 = 0 C (ff) , i7 0,1 = 0 C (ff) . 

crG'I’ 

Let 'ip a be a polarization of i7 1 (A, Q), and denote its unique lifting to a skew-hermitian X-valued 
form by ip a- In what follows we will assume the CM-type <!> is chosen to be primitive (not induced 
from a CM-subfield of E)\ this is always possible and implies that End 0 (A) = E. 

Let a: Ag — > S denote the constant abelian scheme over S with fibres A, and write H 1 (Ag) 
for the VHS i? 1 a*Q, which is an E-module in the category QVHS 5 . 

Next consider the variation H^As) ©£ V. (This is what van Geemen |37| calls a half-twist 
of V.) Because of the way we have chosen d>, this is a variation of Hodge structure of type 
(0,1) + (1,0). Further, it is polarized by the form ip a <8> (p, it admits an integral structure, 
and it comes equipped with an action of E by endomorphisms. Hence we obtain a polarized 
abelian scheme b: B —>■ S with multiplication by E such that there exists an isomorphism 
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H 1 (i3) = R^b^QB —> H^Ag) 0gV in QVHS 57 E) that is compatible with polarizations. We 
shall denote by ip b- H 1 (i?) XQlHI 1 (i3) —»• Qs the polarization form and by ips = 4’A®4 > its unique 
lift to an E^-valued skew-hermitian form. 

As End F (]H 1 (A<?)) = E, we have an induced isometry 

(7.1.1) u: Egm E (m 1 (A s ),m 1 (B)) ^ V 

in QVHS 5 i (£), where we equip the left hand side with the E-hermitian form ip = ip\ (g> ips- 

7.2 For s £ 5(C), let V s C H 2 ( y £E s )(l s ) be the submotive as in 16.51 and write H s for the motive 
Horn e (H 1 (A),H 1 (B s )). Both F s and H s are objects of Mote.(E)- We denote by V s and H s 
the E-vector spaces underlying their Betti realizations. These come equipped with hermitian 
polarization forms (p: V s x V s — > E and ip = {ip\ <8 ) p’s) ■ H s x H s -A- E. 

The fibre of the isomorphism (17.1.111 at s is an E-linear and 717 (5, s)-equivariant isomorphism 

u s : H s ^ V s . 

The motivic Galois group £f mot acts on the vector space HomQ(E s ^ q), V s ,(q))- 

7.3 Lemma. There is a unique (algebraic) character x- f^mot —t Te such that 7 (u s ) = 7 ( 7 ) ' u s 
for all 7 £ Sfmotj cmd this character is independent of s. 

Proof. With notation as explained in IQ.lOf c). the actions of & mo t on H s and Ts are given by 
homomorphisms £f mo t —> U e/q(H s ,iP) and Sf mot —> Ee/q(V s ,<P), respectively. Hence the induced 
action of f# mo t on the space HomQ(iE,V^ q)) preserves the subspace Hom^E,, V s ) and 5f mo t 
acts on this subspace by E-linear automorphisms. On the other hand, by Lemma 6.1.1 of [2], the 
action of f^ mo t also preserves the subspace HomQ(E s V s ,(Q)) 7 W’ S '’^ of monodromy invariant 
elements, which contains u s . By Proposition 16.41 assumption (b) in Theorem 16.21 implies that 
Gmon(V) = SUg;/(Q)(Vs, cp), and therefore End£(H) Gmon W> = E • idy. Hence 

Horn e (H s ,V s )^ s ^ = E-u s - 

so there is a character %: f# mo t -> Tg such that 7 (u s ) = x(l) ' u s for all 7 £ 5 f mot . 

To see that x does not depend on s, we use Corollary 5.1 of [3], which implies that, for 
t £ 5(C) a second point, the isomorphism 

Horn e (H s ,Vs)^ S ’ s) ^ Horn E (H t ,V t y^ 

given by parallel transport is £f mot -equivariant. (See also Theorem 10.1.3.1 of |3j.) This readily 
gives the claim. □ 

7.4 The action of Sf mo t on the vector space E through the character \ of Lemma 17.31 defines 
a motive U with multiplication by E such that the Hodge realization of U is trivial, and such 
that for s £ 5(C), we have an isomorphism u s : H s — > V s ®eU whose Hodge realization is u s . 

We shall next prove that the Cadic realization of U is trivial, too. (Of course, the motive U 
itself should be trivial; this, however, we are unable to prove.) First we descend, similar to what 
we did in 15.31 to a held of finite type over Q. This means that, given s £ 5(C), there exists a 
subheld K C C that is finitely generated over Q over which all objects that we are considering 
are defined. As we do not want to introduce new notation, we shall use the same letters as before 
for the objects over K, adorning them with a subscript “C” to indicate an extension of scalars 
to C. Thus, we have: 
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- a smooth projective variety 3C S over K and a submotive V s C H 2 (3T S ){ 1), cut out by an 
algebraic cycle; 

— an action of E on V,; 

- abelian varieties A and B s over K, both with multiplication by E, and the associated motive 
H s =Rom E (H 1 (A),H l (B s ))-, 

- a motive U with multiplication by E and an isomorphism u s : H s —>■ V s ®eU in Mot^^p 
These objects are chosen in such a way that after extension of scalars via K ^ C we recover the 
objects considered above. Moreover, we may assume that for all motives involved the associated 
Aadic groups Gg are connected. 

7.5 Lemma. The l-adic realization of the motive U is trivial, i.e., G®(U) = {1}. 

For our later arguments, it is important to note that this assertion is independent of the 
choice of a model of U over a finitely generated field; see Proposition 11.31 

Proof. By Proposition 16.4l ib there exists a point s € S( C) such that V^ alg ^ 0, and such a point 
we now choose. As the Hodge realization of U is trivial, the classes in U a J| <g) e Lb, viewed as 
subspace of Home (i7 1 (A), H 1 (B S )^ are algebraic. Hence also the Gadic realization ®E e U# 
is trivial. Because V, a l g is a trivial Galois representation, the assertion follows. □ 

7.6 In the rest of the argument we take for s the point £ € S'(C) such that X = (Note 
that, even though we have worked with a different point s in the proof of Lemma [7.51 involving 
different choices in IT~4l the conclusion of 17.51 applies to any form of the motive U over a finitely 
generated field.) To simplify the notation, we write V for Vg. As usual, Vb denotes the Hodge 
realization, Vi the Aadic realization, and V is the .E-vector space underlying Vb- 

As V <S>e U is a submotive of Hom (JT 1 (A), H 1 (Bt)') we can apply the results of Faltings 
to it. By Lemma 17.51 it follows that the Galois representation Vi is completely reducible and 

( V,f‘ < v > A (U® E , Uc f,<y®M = (f b ® e Q, ^ (Fb) G ' (V) ®Q ( . 

The Tate conjecture for divisor classes on X then follows from the Lefschetz theorem on divisor 
classes on Xc- 

7.7 The proof of the Mumford-Tate conjecture is now based on essentially the same argument 

as in 15.111 We again consider the decomposition V = V tra © V alg in Mot^- ^p By the Tate 
conjecture there are no non-zero Tate classes in By Pink’s theorem 12.41 G®(V) ® Q( is 

generated by the images of weak Hodge cocharacters. 

Write T k = Gal (K/K). The motive U has trivial Hodge and Aadic realizations, and for 
the abelian variety A we have End F (ij' 1 (A)) = 1 e- Using this, we find that 

EndQHS (B) (Ub) = EndQHS (B) {^{B^Q)) , End Ee [r K ](Ve) = End^r^j (H 1 ^, Q^)) . 

Again by the results of Faltings it follows that 

(7.7.1) End^[r K ](V)) = EndQHS (B) (UB) <8>£ E e 

under the comparison isomorphism between Betti and Aadic cohomology. 

We know that EndQHs(h^ ra Q^) is a field that contains E. It follows that EndQHS (£;) (Ub” 3 ") — 
EndQHs(UB r 3 Q^). Similarly, because there are no non-zero Tate classes in V^q %, it follows 
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from Theorem 12.61 that EndQ^r K ](Vy/Q^) is a commutative semisimple Q^-algebra that con¬ 
tains Ef, hence End El [v K }(V^ a ) = End^r^V^^). Then (I7.7.1D gives End Q Hs(^B,(Q))= 
EndQ £ [r K ](V^ i (Q i )), and the Mumford-Tate conjecture Gb(V) <8 >Q£ = G°(V) follows from Corol¬ 
lary 12.71 This completes the proof of Theorem 16.21 in the case that E is a CM-field. 


8 . The case of non-maximal monodromy 

8.1 In this section we complete the proof of Theorem 16.21 by considering the case where the 
monodromy of the variation V (as in 16.311 is not maximal, which means that G mon (Y) is a proper 
normal subgroup of Gg er (V). As shown in Proposition 16.41 this implies that the endomorphism 
field E is totally real and that rkg(V) = 4. 

We choose a base point z E S, and we let V = Y z , on which we have a symmetric E-bilinear 
form <f>. The generic Mumford-Tate group Gb(V) equals SOb/q(E, (/>) = Resg/Q SO(V, (j>). 

Our assumption on the non-maximality of the monodromy implies that SO(V,0) is the 
almost-direct product of two connected normal subgroups L\ and L 2 . (By [ 6 ], Proposition 6.18, 
if H is a semisimple group over E, any connected normal subgroup of Res^/Q H is of the form 
HesE/QN, for some connected normal subgroup N<H.) The Lj are E-forms of SL 2 and they 
commute element-wise. We choose the numbering such that G mon (V) = Res£/Q)(L 2 ). 

Let Aj C End£(C) be the E-subalgebra generated by the elements of Ej(E). The A, are 
central simple E-algebras of degree 2. Denote the canonical involution of Aj by x 1 —> x, and let 
Trd: Aj —> E and Nrd: Aj —> E be the reduced trace and norm maps, given by x 1 —> x + x and 
respectively. We view A* as an algebraic group over E. It is an algebraic subgroup of the 
group GO(F, <p) of orthogonal similitudes. The multiplier character is the character Nrd: A* —> 
& mi E, an d Li = Ker(Nrd) C A*. (Note that any character of A* is a power of Nrd, and that the 
multiplier agrees with the reduced norm on the scalars E* C A*; hence the two are equal.) 

The space V is free of rank 1 as a module over Aj (i = 1,2). We have isomorphisms 
A 2 —> EndAi(R) and Ai —> EndA 2 (R), and a non-canonical isomorphism Ao = A)’ p . (In 
particular, we see that the subalgebra of G mon (V)-invariants in End(R(Q)) equals Ai and therefore 
has centre E, as claimed in the proof of Proposition 16.61 1 There is a unique ao € E(E) such that 
SO(V, <f>) K is non-compact; at this real place the Aj are split, at all other real places of E 

they are non-split. (In particular, the Aj can be split over E only if E = Q.) 

There is an isomorphism 

CSpin(V, (j)) — > {(aq,^) € Aj x A 2 | Nrd(xi) • Nrd(x' 2 ) = l} 

such that the homomorphism CSpin(V, 0) —>• SO (V,cj)) sends (.£ 1 , 2 : 2 ) to the automorphism £ 1 X 2 
of V. We can choose this isomorphism such that the scalar multiplication by z £ E* on the 
Clifford algebra corresponds to the element (z ■ idy, z _1 ■ idy) E AJ x A^. 

Let D = Nm^/Q(Ai), which is a central simple Q-algebra of degree of index at most 2 

in the Brauer group of Q. The Q-vector space N(V) = Nm^Q(L) has a natural structure of a 
left E-module, for which it is free of rank 1. 

8.2 Proposition. With assumptions and notation as above, there exists a complex abelian 
variety A with End 0 (A) = E op and an abelian scheme b: B —» S with multiplication by D op such 
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that we have an isomorphism 

(8.2.1) u: Horn d (M 1 (A s ),M 1 (B)) ^ Nm E/Q (Y) 
in QVHS 5 . 

The notation is the same as in Section [7] we write a: A$ —>• S for the constant abelian 
scheme with fibres equal to A. and we let H 1 (As') = R}a*Q and EI 1 (i?) = i? 1 6 *Q. 

Proof. Let H\ = D and iL 2 = N(V), both viewed as left D-modules. With CSping/q^F, (j>) = 
CSpin E/Q>(V,<j>)/T E as in 14.21 we start by defining representations 

ft: CSpin . E/Q (V,$) -> GL D {Hf) C GL (H t ) 

(i = 1 ,2) such that the induced action on Hom pf-Hj. H 2 ) factors through SO e /q(V, (f>), and such 
that the map 

(8.2.2) e: Horn n (H u H 2 ) N(V) 

given by / 1 —> /(1) is an isomorphism of SO e /q(V, (ji)-representations. For this, dehne K, = 
Res E m(A*). The universal polynomial map Ai —> D = Nm^Q(Ai) is multiplicative and 
defines a homomorphism of algebraic groups K\ —>• D* that factors through K\/T E . Through 
the composition 

7 : CSpin E/Q (V, 0) Ki x K 2 -» K\/T E D* 

we obtain an action of CSpin^ /q(V, f>) on H 1 , letting a group element x act on H\ = D as right 
multiplication by Clearly this representation factors through CSpin^/Q(V, 0), and we 

let 9\ be the representation thus obtained. Next we note that AT 2 = Resw^A^) naturally acts 
on N(V) = Nm^/ q(G) by -D-module automorphisms (cf. Section 13.111 . and the corresponding 
homomorphism K 2 —> GL(JV(G)) factors through K- 2 /T E . For 62 we then take the representation 
of CSpingyQ^, <f) induced by the composition 

CSpin E/Q (V, $) ^ K x x K 2 -» K 2 /T% ^ GL D (iL 2 ). 

We claim that with these definitions the map e in (I8.2.2[) is an isomorphism of representations 
of SO£/q(V, f>). To see this, note that e is the map obtained by applying the functor Nui^/q to 
the isomorphism Hom Ai (A), V) V given by / 1 —> /(1). The claim now readily follows from 
the description of the homomorphism CSpin(V,</>) —> SOgiven in 18.II 

The next step is to equip H\ and H 2 with actions of 77 (S', b) in such a way that the 
map e is 7 Ti-equivariant. For this we simply take the trivial action on H\ and the given ac¬ 
tion on H 2 = N(V). (Note that the latter action is obtained by composing the map 717 (S', b ) —> 
G mon (V)(Q) C Fr 2 (Q) with the above homomorphism K 2 —> GL£)(Ff 2 ).) In this way we obtain 
Q-local systems Hi (constant) and H 2 with actions of D from the left, such that e is the fibre 
at b of an isomorphism of local systems Horn D (Hi. Hi) —> Nmg^q(V). For later use, note that 
the Hj admit an integral structure. 

We now equip Hi and H 2 with the structure of a Q-VHS. Let v: S —» 5 be the uni¬ 
versal cover, and choose a point z € S above 2 . This gives identifications u*Hj = Hi x S 
and r*Nm B( /q(¥) = N(V) x S. For t G S, let h t : § —> SO e /q(V,4>)r be the homomorphism 
that defines the Hodge structure on Nm E m(V)t, which is of type (—1,1) + (0,0) + (1,-1). 
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By [15|, 4.2, and the discussion in Section 14.31 above, ht naturally lifts to a homomorphism 
h t : S CSpin E/ Q(V,^) K such that h t o w: G m>K ^ CSpin E /Q(V ,^)k is given by z ^ (z ■ 
• idy) mod T^. As Hodge structure on (u*Hj)t = H{ we then take the one defined by 
9j t o ht . By construction these Hodge structures have weight 1, and by m, Lemme 2.8, they are 
polarizable. 

It is immediate from the definitions that the family of Hodge structures on u*Hj that we 
obtain is compatible (in the obvious sense) with the action of vri(S', 6 ); hence we obtain families of 
polarizable Hodge structures of weight 1 over S with underlying local systems the Hj, equipped 
with a left action of D by endomorphisms, and such that the isomorphism Horn n (Hi , EH) —>• 
Nm£/Q(V) is fibrewise an isomorphism of Hodge structures. 

We claim that for every t £ S the Hodge structures on Hi (i = 1, 2) given by 9i o ht is of 
type (0,1) + (1,0). To see this, work in the category of Z 2 -graded C-vector spaces. As D 0 <q> C = 
M/\r(C), with N = 2[ &< ®, we have Hi < 8 >q C = U® N for some Z 2 -graded spaces Ui (i = 1, 2), and 
then 1 linn /, ..-4 //1 Ho c) = Hony -fLi. LL). As we already know the Hi to be of weight 1 , so 
that Uf’ q 7 ^ 0 only if p + q = 1, we see that Hom c (f7i, U 2 ) can be of type (—1,1) + (0,0) + (1, —1) 
only if U\ and U 2 (and hence also H\ and H 2 ) are of type (0,1) + (1,0). In particular, the 
families of Hodge structures we have obtained trivially satisfy Griffiths transversality and are 
therefore honest polarizable Q-variations of Hodge structure over S. As they admit an integral 
structure, there exist abelian schemes (up to isogeny, as always) a: A —> S and b: B —> S, 
both with multiplication by D op , such that Hi = R l a *QU and H 2 = R^b^QB- (The relative 
dimension of A/S and B/S equals 2 2 [' B;( ®~ 1 .) Further, because Hi has trivial monodromy, A/S 
is a constant abelian scheme; so A = A$ for an abelian variety A with endomorphisms by D op . 
By construction, we have an isomorphism of H-modules i^ 1 (A, Q) —> D, and the fact that the 
generic Mumford-Tate group of the VHS V equals SOe/q(V,(/>) implies that G*b(A) = K\/T\. 
It follows from this that End 0 (A) = D op . □ 

8.3 We retain the notation and assumptions 0 f l 8 .ll and we fix A, B and u as in Proposition [H72] 
Choose a base point z € S, write V = V z and N(/V ) = NmgyQ(T), and let V = V 2 and 
N(V) = NmgyQ(F) be their Hodge realizations. The E-bilinear polarization form cj) on V induces 
a symmetric Q-bilinear form lV(</>) on N(V). Further we define H = Horn D [H 1 (A), H 1 (Bz)^, 
and we write H for its Hodge realization. Our goal at this point is to deduce some non-trivial 
information about G mo t(N(V)) by using [2], Lemma 6.1.1. 

Write SL 2 for SL 2 q. Denote by St its standard 2-dimensional representation, on which the 
determinant gives a symplectic form det: St x St —> Q. 

As before, for a £ E(E’) we denote the extension of scalars via a: E —>• Q by a subscript “<r”. 
For each such a, choose isomorphisms Lj i(T —> SL 2 (i = 1, 2) and V a = StKISt as representations 
of Li )fr x L 2 t a — SL 2 x SL 2 , such that </>„ corresponds with the orthogonal form det Kl det. Let 
fj ,2 = {±(id,id)} C SL 2 x SL 2 , and let r £ 0(St KI 2 ,det K2 ) be given by r(x\ KIX 2 ) = X 2 Sin We 
have an isomorphism 

((SL 2 x SL 2 )//i 2 ) x {l,r} 0(St B 2 ,det K2 ) ^ O (V a ,4 > a ), 

that restricts to an isomorphism (SL 2 x SL 2 )//i 2 —> SO(St KI2 , det H2 ) = SO(V a ,(f> a ). Note that 
the reflection r acts on (SL 2 x SL 2 )/by exchange of the factors: r\A\, A 2 ] = [A 2 , A\\. 

We have Gb{V) C G mo t(V) C 0 ^/q(V, 4>) with Gb(V") C SOe/q(V, </>). If H is an algebraic 


32 







subgroup of O E/Q>(y,cf>), denote H/(H flTg) by H. For the motive N(V) we then have 


G b (N(V)) = G b (V) C SO E/Q (Vj) 


ni 


m 


n 


Gmat(N(V)) = G mot (V) C O e/q (VA) 
Extending scalars to Q we hnd 


SO (N(V),N$)) 

n 

0 (N(V),N$)) 


G b (N(V))^ C SO e /q(R,<% 

m _ m 

G mot (lV(V)W C 0 E/Q (V,<% 


'0 


rio-es^) (SL2 x SL2) 

n 

ricreS(E) (SL 2 X SL 2 ) XI {1, t} /© , 


where 


0 = 


{< 4 " K4%e n ({±w}x{±id})|n4’ ) 4 , ’ , = i<i}- 

(7 eS(E) 

In this description, the algebraic monodromy group of the variation IV(V) = Nnig 

by 


is given 


' 0 . 


G m on{N{V))^ = image of ({id} x SL 2 ) in JJ (SL 2 x SL 2 ) 

o-eE(E) o-es(E) 

The fibre at z of the isomorphism u in (18.2. ID is an isomorphism of Hodge structures 
u z : H N(V) that we shall take as an identification. As H is an abelian motive, we have 
Gmot(H) = Gb(H) = Gb(N(V)). 

The motivic Galois group of the motive M = Hom (iJ, N(V)) is an algebraic subgroup 


Gmot (M) c G mo t(H) x G mot (N(V)) 


that projects surjectively to the two factors. We shall denote elements of G mo in the form 
[A^\ B[ a \ B^, y^] with A^f \ B^ e SL 2 and yG) g {l,r}, and where the square 

brackets indicate that we calculate modulo 0 x 0 . 

The Q-vector space underlying the Betti realization of the motive M is the space M = 
Horn fF/j N(V )). Extending scalars to Q and identifying H with N(V) via u z , we have 

M ® Q = 0 End(W) = 0 (End(St) <S> End(St)) . 

o-eS(E) o-eE (E) 

For a € £(A) fixed, an element (A^, ; B^\ B^\ l) acts on End(St) (g>End(St) by 

/i®/ ! rt(B!' 1 /i(4Vj ® ■ 

An element [ A ^, A ^; B ^, B ^, r] acts on End(St) <g) End(St) by 

h ® h ^ <g> . 

Recall that D = Nhi e /q(Ai) and that N(V) is free of rank 1 as a module over D. The 
subspace of monodromy-equivariant homomorphisms H —> N(V) is the D-subnrodule 

D ■ u~ C M = Horn (if, N(V)) generated by u z . After extension of scalars this gives 

Mj l(5 ’ 6) = 0 ( End ( St ) ® (Q • id)) . 

ctGE{E) 
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By |2], Lemma 6.1.1, this subspace is stable under the action of G mo on Mq. This implies 
that, in order for an element 

[4 ff) , 4 ct) ; , B^ , i / W ] ct€S(e) G SO e /q(V, $) (Q) x 0 E/Q (V, $) (Q) 

to lie in G mot (M)(Q), we must have y^ = 1 and = ±4°^ f° r every a G T,(E). In 

particular, it follows that G mo t(M) is an algebraic subgroup of SO E m(V, iff) x SOwq(V, f>), and, 
by projection to the second factor, that G mo t(N(V)) C SO_e/q(V, iff). 


8.4 Lemma. Suppose the base point z G S is a point for which V = Y z contains non-zero 
Hodge classes. Then H alg C V is a 1-dimensional E-subspace, dini£;(H tra ) = 3, and Gb(V-) = 

so E/Q (v tia ,f>). 

Proof. For any z G S we have VG alg = l ® 17 for some v > 0 (cf. 16.71) . and then dimE(H tra ) =4 — v. 
Further, Gb(V z ) = Ge(Vi, tra ) is isomorphic to an algebraic subgroup of SOe/Q(I /tra , f>). By 
[T] , Section 6 , Proposition 2, our assumption that the variation V has non-maximal monodromy 
implies that Gb(V z ) is not abelian, and therefore 4 — v > 3. So if z G S is a point for which v > 0 
then necessarily u = 1. We then must have EndQHs(Vw) = E, for if the endomorphism algebra 
is bigger, G ! B(V z tra ) is abelian. By Zarhin’s results (see 12 .II) . Gb(V z ) = SO E /Q(V tra , f>). □ 

8.5 Proposition. For any s G S the fibre u s \ Horn n (El 1 (A), H 1 (-BO) —> Nm^Q(V s ) of the 
isomorphism (|8.2.1I) at s is a motivated cycle, i.e., it is the Hodge realization of an isomorphism 

u s :Hpm d (H\A),H\B s )) 4Nm E/Q (y s ). 


Proof. By [3], Theoreme 0.5, it suffices to prove that u s is a motivated cycle for some s G S. 
We take s = z, where z G S is a base point such that V = V z contains non-zero Hodge classes. 
(Such points z exists by Proposition 16.414 ) .) We retain the notation introduced in 18.31 

If H is an algebraic group over Q, we denote by vjq (H) = H/H° the etale group scheme of 
connected components. Note that 


(o_b/q(H, ff) D TgJ (Q) = | (a CT • idy)o- G J] 0(P ff ,4) 

aGS(E) 


d(j 


zb 1 for all a and a a = 1 


}• 


As dims(P) = 4 is even, it follows that O e /q(V, ff) OT^ = SO e /q(V, ff) fl T^; hence, 

(8.5.1) w 0 (O e /q(V,4>)) '&o(O e /q(V,4>)) . 

On the other hand, it is clear that ( 0 E /q(V tia ,f )) x {id^aig}) DTg = {1}, so the inclusion 
i: O E /q(V tTa , f>) x {idyaig} 1 —> Ogm (V,f>) induces an injective homomorphism 

i'. 0 E /q(V tra ,f>) x {idyaig} c — 0 E /q{V,ff). 


As i induces an isomorphism on component group schemes, it follows from (18.5. ip that the 
same is true for i. So the fact, deduced in 18.31 that G mo t(N(V)) is contained in SO E /q(V,f>), 
implies that G mo t(N(V)) C SOE/Q>(H tra , iff) x {idy a i g }, which we view as algebraic subgroup of 
SO(N(V), N(f>)). As we always have G*b G G mo t, it follows from Lemma [8.41 that 

G b {N(V)) = G mot (N(V)) = SO E/Q (V tia ,f) x {id^}. 
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Next we consider the motive M = Hom fiJ, N(V)). As before, we take the isomorphism 
u z : H — > N(V) as an identification. The Mumford-Tate group Gb(AT) is the diagonal subgroup 
SO E/Q(V tra, ,4>) x {idya-lg} of 

G b (H) x G b (N(V)) = (so m (v tr ^4>) x {id ya i g }) x (sO E/Q (R tra >) x {id ya i g }) . 

The motivic Galois group G mo t(M) is an algebraic subgroup of 

G m ot(H) x G mot (N(V)) = Gb(H) x G B (N(Vj) 

that contains the diagonal subgroup Gb(AT). We are done if we can show that G mo t(M) = 

Gb(M). 

First we show that the identity component G^ ot (AT) of G mo t(M) equals G B (M). To see 
this, we can argue on Lie algebras. We have 0 mot (AT) C 0 mot (iT) x 0 mot (iV(V)), the projections 
of 0 mot(AT) to 0 mo t (H) and to Qmot{N(V)) are surjective, and 0 mot (AT) contains the diagonal 
Lie subalgebra. 

After extension of scalars to Q, the inclusion 0 mo t(AT) C 0 m ot (H) x 0 m ot (A r (V)) becomes 
(8.5.2) 0 mot(M)®Qc( ll so^) x ( ll so^) 

aeS(E) tG'E(E) 

where the superscripts “(<r)” and “(r)” are included only to label the factors. Suppose that 
0 mo t(M) is strictly bigger than the diagonal Lie subalgebra of Qmot(H) x 0 m ot(A r (V)). This 
means that there exists an embedding a G E(F/) such that the projection of 0 mo t(AT) (8 Q to 
so 3 °^ x so(taking r = a in (18.5.21) ) is surjective. (Note that SO 3 = 5(2 and that the only 
semisimple Lie subalgebras of 5(2 x 5(2 that contain the diagonal, are the diagonal itself and the 
full 5 I 2 x 5 ( 2 .) Because 0 mo t(AT) is defined over Q and Gal(Q/Q) acts transitively on E(F?), it 
follows that 0mot(AT) < 8 ) Q surjects to so 3 ^ X 50^ for all er G E (E). As 0 mo t(AT) surjects to 
0 mo t(JT) and 0mot(A’(V)) and contains the diagonal, it follows that 0 m ot(Af) < 8 > Q surjects to 
any product of two factors SO 3 x SO 3 in the right-hand side of (|8.5.2jl . By |23| . Lemma 2.14(i), 
this implies that 0 mot, (AT) = 0 mo t (H) x 0 m ot (^(V)) but this contradicts what we have found 
in 18.31 So indeed G^ aot (M) = Gb(AT) is the diagonal subgroup of G B (H) x G b (N(V)) = 

so E/Q (v^,4>)xSO m (v^,4>). 

Finally, G mot (M) normalizes G^ ot (M). But dini£:(F tra ) = 3, so SO E /Q{V tTa, ,(f>) has triv¬ 
ial centre. Hence the diagonal subgroup in SO e /q (R tra , </>) X SO_E/Q(H tra , </>) equals its own 
normalizer, and we conclude that G mo t(AT) = G^ aot (M), as we wanted to show. □ 

8.6 The Tate conjecture for V£ is now deduced in the same way as in 15.51 and 15.61 Taking 
s = £ in Proposition 18.51 we find that N(Vjc) = Nm^/Q(V^) is an abelian motive, and by 
Proposition 13. lOT ij it follows that G^(V^) is reductive. 

Further, by Deligne’s results in [TF], G^[N(V^)) C G b (N(V^)) (8 <Q>£ as algebraic subgroups 
of GL(iV(V^)) <8 Qi] hence 

( 8 . 6 . 1 ) G?(V f )CG B (V { )®Q< 

as algebraic subgroups of GL(L^) (8 Qi- 

We have connected algebraic subgroups H B C SO (V^,(j>) over E and Hi C SO (V^,(j>i) 
over E( such that Gb(V^) = Res^/Q Hb and G^(V^) = Res E t /Q t H-l- By the results of Faltings, 

Nm E(/Qe (V^ ( 8 E Ei) = Nm E/Q (L e 5 ) 8 q Qi ^ Nm Bj/Q( (^) . 
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Now we can copy the last eight lines of 15.61 with instead of W, with as conclusion that all 
Tate classes in H 2 (X, Q^)(l) are algebraic. 

For the proof of the Mumford-Tate conjecture for V£, we start with a lemma. 

8.7 Lemma. Let k be an algebraically closed field of characteristic zero, £ a finite index set, 

fl a reductive Lie subalgebra of sh- Consider the representation of \) on V = ®sM 2 (fc) 
obtained as the tensor product of the representations of si 2 on M 2 (k) given by left multiplicaton. 
/fEnd(Rp = ( 8 >sM 2 (fe) (acting on V by right multiplication) then f) = s^. 

Proof. For a G £, the projection pr CT : f) —> sl -2 is surjective, for otherwise the image is contained 
in a Cartan subalgebra t C s[ 2 , and since End(M 2 (/c)) t D M 2 {k) this contradicts the assumption 
that End(E) fl = <g>£ M 2 (k). 

By |31| . the Lemma on pages 790-791, it now suffices to show that for a 7 ^ r the projection 
pr CTT : f) —» 5(2 x SI 2 is surjective. Write f/ = pr (f)) C SI 2 x s^. Let = Ker(pr T : t)' —> SI 2 ) 
and t r = Ker(pr CT : f/ —> s^); these are ideals of with dim(t CT ) = dim(t r ). As \f has rank 
at most 2 and the projections f/ —> sl 2 are surjective, the ideal ( a x t T is either the whole l)' 
or it is zero. In the first case we are done. In the second case, t)' C SI 2 x SI 2 is the graph of 
an automorphism. As all automorphisms of sl 2 are inner, this contradicts the assumption that 
End(I/)" =® s M 2 (fc). □ 

8.8 We retain the notation introduced in 18.11 In the argument that follows we shall also use 
the notation introduced in the proof of Proposition 18.21 If Y is a complex abelian variety, we 
write G mot {Y) (resp. G B (X), etc.) for G mot (H 1 (Y)) (resp. G b (H 1 (Y)), etc.). Let 

G' b (Y) = (G B (y)nSL(i7 1 (y,Q)))°, G' e (Y) = f^G £ (Y) nSL(Id 1 (Y,Q £ ))y . 

(The group G' B (Y) is called the Hodge group of Y.) These are connected reductive groups, and 
GbPO = G m • G' b (Y ), resp. G$(Y) = G m • G' t (Y). 

Suppose the Mumford-Tate conjecture is true for (the H 1 of) the abelian variety A x B £. 
By the remarks in 11.81 together with Proposition 13. 101 iv). the Mumford-Tate conjecture is then 
also true for the motive 

Horn (H 1 (A), H 1 (BA) = H l (A) y (g> H l (B^) = H l (A) <g) iT 1 (Hg)(l) , 

and hence for the motive Horn pfiJ 1 (A). H 1 (BA) = NmgyQ(V^). By Proposition I3.10l iiib this 
implies the Mumford-Tate conjecture for the motive V£. 

For the abelian variety A we know (see the end of the proof of 18. 2 p that End 0 (A) = D op and 
that there is an isomorphism of D-modules H l (A, Q) —> H\ = D via which G B (A) = K\/Tg. 
(Recall: K\ = Res£/Q(A*).) The Mumford-Tate conjecture for A then follows from Lemma [8.71 
applied with k = Qi and f) = g^(A) < 8 > 

Next we look at the abelian scheme B —>• S constructed in 18.21 By construction, for every 
s £ S there is an isomorphism of D-modules H l (B s ,<Q)) —)■ U 2 via which Gb(B s ) C A " 2 /T ( . 
Moreover, for Hodge-generic points s the latter inclusion is an equality. The Shimura variety 
defined by the algebraic group K 2 (T'f C GL(i 72 ) is 1-dimensional. (As discussed in 18.11 there 
is a unique real place of E at which the quaternion algebra A 2 splits.) It follows that either 
Gb{B g) = K 2 /Tfi or B^ is an abelian variety of CM-type. 
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If B£ is of CM-type, which means that Gb(B^) is a torus, the Mumford-Tate conjecture 
for B £ is true. Using the fact that G' B {A) and G'fiA) are semisimple, it is easily shown that 
G' b (A x B^) = G' b {A) x G' b (B%) and G'fiA x B = G'fiA) x CfiB^f). In particular, the Mumford- 
Tate conjecture is true for A x B^. 

From now on we assume that Gb(B^) = K 2 /T^, and hence End°(A^) = D op . The Mumford- 
Tate conjecture for B g is true, by the same argument as for A. Note that D op = M r (Q) for some 
r > 1 and some division algebra Q ; hence A and B g are both isogenous to the rth power of a 
simple abelian variety. It follows that if Hom(A, B^) 0 then A and B £ are isogenous, in which 

case the Mumford-Tate conjecture for A x B^ follows from the Mumford-Tate conjecture for A. 
In what follows we may therefore also assume that Hom(A, B =0. 

Under the assumptions we have made, the groups G B (A), G'fiA), G' b (B^) and G'fiB^) are 
all semisimple. As N(V^) = Hom p(ij' 1 fAj. H 1 (BA) this implies that also Gb(N(V^)) and 
are semisimple. In fid. 10. ID . applied with V = V^, the group schemes Z and Zg are 
finite; hence also Gb(V^) and G®(Vfi) are semisimple. 

The assumption that Hom(A, B g) = 0 implies that there are no non-zero Hodge (resp. Tate) 
classes in Nm^jy^B) (resp. Nm^/Q^V^)). Hence there are no non-zero Hodge (resp. Tate) 
classes in V^b (resp. V i \^). 

On the Hodge-theoretic side, we now know that dini£;(V^) = 4, that there are no non-zero 
Hodge classes in V^Bj and that G'b(V)j) is semisimple. By Zarhin’s results fsee 12.11) it follows 
that EndQHs(^,B) = E and Gb(V^) = SOOn the Aadic side, Ei = n a|£ E\, and 
(V^, 4>i) decomposes as an orthogonal sum (U^a, fix) with dinie^V^A) = 4. Again we know 
there are no non-zero (^(V^-invariants, and that G^(V^) has no unitary or abelian factors. By 
Theorem EH it follows that G°(Vg) = SO Ea /q 4 (V^a, fix) = G'b(V^) © Qe- 

The proof of our Main Theorem 16.21 is now complete. 


9. Applications to algebraic surfaces with p g = 1. 

9.1 In this section we work over C, and all surfaces we consider are assumed to be complete. 
We shall mainly be interested in non-singular minimal surfaces of general type with p g = 1. Let 

= ]J ■ / ^K 2 ,i,q he the moduli stack of such surfaces. If M is an irreducible component of 
we say that M satisfies condition (P) if there exist complex surfaces X\, X 2 with [X;] € M such 
that H 2 (X i,Q) H 2 (X 2 ,Q) as Q-Hodge structures. 

9.2 Proposition. Let M be an irreducible component of ^ that satisfies condition (P). If X 
is a non-singular surface with [X] € M , the Tate Conjecture for divisor classes on X is true and 
the Mumford-Tate conjecture for the cohomology in degree 2 is true. 

Proof. By assumption, there exist complex surfaces X \, X 2 with [Xf\ € M and H 2 (X i,Q) ^ 
H 2 (X 2 ,Q) as Q-Hodge structures. We may assume X = X\. There exist irreducible C- 
schemes Ui (i = 1,2) of finite type and smooth morphisms pi : Ui —>• M with [Xj] € PiiUi). 
Let Vi \ Ui Ui tie d be a resolution of singularities of the reduced scheme underlying Ui , and let 
7 Ti: % Ui denote the smooth family of surfaces given by U t —>• M. By construction, there 
exist points Ui € Ufi C) such that the fibre of 7Tj over u t is the surface Xj. 

Denote by Hj the variation of Hodge structure over U given by A 2 7r^Q^. We claim that 
Hi is not isotrivial. To see this, assume the opposite. By the irreducibility of M and the fact 
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that the morphisms pi are open, V = pi{U\) CP 2 OU 2 ) is an open dense substack of M re d, and on 
(P '2 ° T 2 )~ l (V) C U 2 the variation H 2 is isotrivial. This implies that H 2 is isotrivial on all of C/ 2 , 
but this gives a contradiction with our assumption that H 2 (X i,Q) ^ H 2 (X 2 ,Q). This proves 
the claim. 

The only thing that is left to do is the reduction to a projective family of surfaces. Choose 
a point t £ U\ such that H 2 (X i,Q) ^ H 2 (<3 / i ! t,Q) as Hodge structures, and choose a morphism 
S —> U\ from a non-singular irreducible curve S to U\ such that u\ and t are in the image of S. 
By pull-back this gives a smooth family /: —>■ S such that X = for some £ £ S'(C) and 
such that the period map associated with R 2 f*Q%- is not constant. Choose an ample divisor D 
on X and let Q> C SC be its flat closure. Over a Zariski-open subset S° C S containing £ this & 
is relatively ample, and the proposition follows by applying Theorem 16. 2l to the restriction of the 
family SC to S°. □ 

9.3 Corollary. Let M be an irreducible component of ./M, and suppose there is a complex 
surface Y with [Y] £ M and Picard number p(Y) = h 1 , 1 (Y’). Then for any non-singular surface X 
with [A'] £ M, the Tate Conjecture for divisor classes and the Mumford-Tate conjecture for the 
cohomology in degree 2 are true. 

Proof. If the Picard number p(X) satisfies p(X) < h l, 1 {X) then M satisfies condition (P) and 
the result follows from the proposition. If p(X) = /i 1 , 1 , (A) then the motive H = iT 2 (A)(l) 
decomposes as H = IT © iT tra with 2-dimensional transcendental part, on which we have a 
symmetric bilinear polarization form <f. If H tra denotes the vector space underlying the Betti 
realization, G B (H) = G B (P/ tra ) = SO(i/ tra ,</>) and G° e {H) = G° e {H tTa ) is a connected algebraic 
subgroup of SO (P/ tra , f) (8> Qi = S02,q^. So it only remains to show that G®(H) is not trivial, 
which follows by looking at the Hodge-Tate decomposition at a prime of good reduction. □ 

9.4 Theorem. Let X be a complex algebraic surface of general type with p g {X) = 1. The 
Tate Conjecture for divisor classes on X and the Mumford-Tate conjecture for the cohomology 
in degree 2 are true if the minimal model of X is of one of the following types. 

(a) Surfaces with q = 0 and K 2 < 2 . 

(b) Surfaces with q = 0 and 3 < K 2 < 8 that lie in the same moduli component as a Todorov 
surface. 

(c) Surfaces with q = 0 and K 2 = 3 with torsion (of the Picard group) Z/3Z. 

(d) Surfaces with q = 1 and K 2 = 2. 

(e) Surfaces with q = 1, K 2 = 3 and general albanese fibre of genus 3. 

(f) Surfaces with q = 1 and K 2 = 4 in any of the eight moduli components described by Pignatelli 
in [26] . 

(g) Surfaces with q = 1 and K 2 = 8 whose bicanonical map is not birational. 

9.5 In most cases, the verification that the relevant component of the moduli space satisfies 
condition (P) is a matter of quoting some facts from the literature. We treat these cases first. 
After this we shall turn to cases (f) and (g), which require more work. 

For Todorov surfaces (which pertains to (b) and also to surfaces with q = 0, K 2 = 2 and 
torsion Z/2Z) the result follows from the Torelli theorem for K3’s; cf. [3S], Section 4 (where the 
meaning of the term “moduli space” is not the standard one), or [24], Theorem 7.3. 

For case (a) the assertion follows from the results in m, is and [35| . For case (c), see [25]. 
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Next we turn to minimal surfaces with q = 1. In this case 2 < K 2 < 9. First consider the 
case K 2 = 2. It was shown by Catanese in |10| that the moduli stack ^# 2 , 1,1 is irreducible of 
dimension 7 and that it satisfies condition (P). (This last fact can also be seen from the examples 
given by Polizzi in [30] . Section 7.3.) 

Next assume K 2 = 3. As shown by Catanese and Pignatelli in m, Section 6 , the moduli 
stack ^3 ^1 has four irreducible components, each of dimension 5. One of these components 
parametrizes surfaces whose albanese fibres have genus 3; these have been studied in detail 
by Catanese and Ciliberto; see nu, m ■ By [28] . Corollary 6.16 and Proposition 6.18, there 
exist such surfaces X for which the Picard number equals h 1 ,l (X), and the result follows by 
Corollary 19.31 (For surfaces X in this component with ample canonical class, the Tate conjecture 
was proven by Lyons |22j; when combined with the results in our Section [2j his methods also 
give the Mumford-Tate conjecture.) 

9.6 Let now S' be a surface in one of the eight irreducible components of ^411 that are de¬ 
scribed in [26]. (We switch to the letter S for the surface we want to study, to facilitate references 
to the literature.) In everything that follows we assume S to be general in its component of the 
moduli space; this means that the properties we state are valid for S in a Zariski-open subset. 
Let a: S —>• B be the albanese morphism, and define V n = a*(ug). (Note that ujg = uig/g.) 
The surfaces that we are considering are characterized by the fact that V 2 is a sum of three line 
bundles. The general albanese fibre has genus 2. 

The work of Pignatelli (which builds upon the results of Catanese and Pignatelli in [14]) 
gives a beautiful geometric description of the surfaces S in question. The main ingredients for 
our discussion are summarized in Figure 1. Here ^ C P(I^) is a conic bundle that has two A\- 
singularities lying over two distinct points Pi and P 2 of B. If a : is the minimal resolution 

then ^ is a blow-up of P(Li) in four points, two above each Pj. We denote by E % \ and 2 the 
exceptional fibres of /3: *€ —> P(Vi) above Pj. Let C ^ be the strict transform of the fibre 
of P(Vi) above Pj; then Jj and & 2 , which are (—2)-curves, are the two exceptional fibres of a. 
The morphism —» < 0> t —> P(I^), seen as a rational map P(Vj) —-> P(V 2 ) is the relative Veronese 
morphism, and we have a short exact sequence 0 —> Sym 2 (Vi) —> V 2 —t &{Pi,P 2 } —t °- 

The surface S' is a double cover of with : S —> branched over the two singular points 
of ( to and a divisor A that (for S general) is a non-singular curve of genus 4 in not passing 
through the singular points. This divisor A is obtained as the intersection of with a relative 
cubic hypersurface C P(V 2 ). Let q 1 , q 2 G S denote the two points over the singular points 
of e lf. With S = ^ x</f S, the morphism p\ S —> S is the blow-up of the points Qi- We denote 
by ,P,; the exceptional fibre above q % . The morphism (/>: S —> is a double cover branched over 
A + S’i + £ 2 , where Ac^ denotes the strict transform of A under a. (Of course A —> A, as 
A does not pass through the singular points of c to.) 

The key geometric fact needed for the proof of Theorem 19.41 0 is the following. 

9.7 Proposition. Let F be the unique effective canonical divisor of S, and let E C S be the 
critical locus of the albanese m.orphism a: S —> B. Then for S general in its moduli component, 
rnS = {qi,q 2 } (scheme-theoretically). 

Proof. The first fact we shall use is that £ consists of the two isolated points q\ and c/ 2 , together 
with the points of S lying above the critical points of the morphism A —> B. See [26], Section 5. 

The other thing we need is a concrete description of T. For this we start by noting that the 
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F(F 2 ) 


Figure 1: The geometry of S as a double cover of a conic bundle. 

relative canonical map S - —» P(Vi) is not defined precisely at q\ and qo, and that the morphism 
/3o(f>: S —> P(Vi) resolves these indeterminacies. This means that (/3o</>) *^p(vi)(l) — P* UJ s(—^ r i — 
^ 2 ) = 2=^1 — 2^i). Hence uig = (f>* ((3* <8> + <§ 2 ))- As /i° /3*^p(vi)(l)) = 

hP(B, V \) = 1, there is a unique effective divisor S on ^ representing /0*^Wvi)(l). As we shall see, 
for S general, H intersects and ^2 transversally and does not meet the exceptional fibres E t j 
of (3\ —>• P(Vi). Let f denote the pullback of H to S, so that f + 2J^i + 2J^2 is an effective 

canonical divisor of S. The image T = p(T) of T in 5 passes through the points q\ and q 2 and has 
multiplicity 1 in these points; further, T is the strict transform of T and p*(T) = T + + .$^ 2 , 

so that indeed T is the unique effective canonical divisor of S. 

To describe S we have to distinguish two cases. In four of the eight families, Vj is a sum of 
two line bundles: V\ = 0b(p) © &b{0 — p ) for some p E B. The projection V\ &b{0 — p) 
defines a section of P(Vi) —» B, which for general S does not pass through the points that are 
blown up in . Hence the section lifts to a section B —>• ^. If 0 C ^ denotes its image, 
/3*^ip(Vi)(l) i s represented by the divisor S = 0 + F p , where F p denotes the fibre above p. (Note 
that 0 is the relative hyperplane defined by the “equation” 0b{p) “—>• Lj ■ Generally, if L ^ V\ is 
the inclusion of a line bundle with locally free quotient then the corresponding divisor of P(Vj) 
lies in the class ^P(Vi)(l) © k*L A) 

In the relative coordinates used by Pignatelli (see [26], Section 2), 0 is given (on P(Vj)) by 
the equation xq = 0. Its image in ‘if C P(V 2 ) is given by the equations j /2 = V 3 = 0. Now it 
is immediate from the equations for A = f D given in loc. cit., Table 3, that for a general 
choice of the image of 0 is disjoint from A. It then remains to consider An F p , where now F p 
denotes the fibre above p of f. As shown by Pignatelli, the critical locus of A —>• B is contained 
in the relative hyperplane of P(I^) given by 2/3 = 0. This hyperplane intersects F p in two points, 
which for a general choice of do not lie on . This proves the proposition for the families with 
V\ decomposable. 

Next suppose S occurs in one of the other four families. In this case V\ is the unique 
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rank 2 bundle on B with determinant &b{ 0 ), which sits in a non-split short exact sequence 
0 —> —> Vi —> &b{ 0 ) —> 0 . The projection V\ —w- &b{ 0 ) defines a section of < £ —> B, 

whose image is S. 

Let 7 /i, r/2, ?/3 be the points of order 2 onB. Choose rational functions Ft with div(T)) = 2 t/* — 
20 and such that F1+F2 + F3 = 0 . We have Sym 2 (Vj) = ^b (771) ©^(772)0^(773), which gives 
relative homogeneous coordinates (u\ : U2 ■ 773) on P(Sym 2 (ki)), and the image of the relative 
Veronese map P(Vi) —> P(Sym 2 (Vi)) is given by the equation + F^u^ + F^ l u\ = 0 . The 

image of E in P(Sym 2 (Vj)) is given by the section {F\ : F2 : T3). There are three divisors D* 
of B such that V2 = &b(D\) ffi &b(F) 2) ffi €?b(F) 3); these divisors and the multiplication map 
Synr 2 (Vi) —> V2 are given as in | 26 | . Table 2 . In what follows we shall simply write a, b, c, d for 
the coefficients that appear in the matrix of the multiplication map and that in loc. cit. are called 
cij, bj , Cj , dj (j = 5 ,... ,8), with the understanding that b = c = 0 in the family called 
The decomposition of V2 as a sum of line bundles gives us relative homogeneous coordinates 
(7/ 1 : 7/2 ; 2/3) on P(V2), and we find that C P(V2) is given by 

Fr\a yi + cy 2 ) 2 + F^(byi + dy 2 ) 2 + T 3 _1 ?/| = 0 . 

(This corrects a mistake in | 26 | : the coordinates Zi that Pignatelli uses are meaningful only etale 
locally on B. This means that the equation for ^ in his Table 3 has to be changed, but otherwise 
this does not affect his results.) 

The singular points of ^ and the critical locus of A —> B are both contained in the relative 
hyperplane of P(V2) given by 7/3 = 0 . The image <r(S) of E is given by a section of P(V2). As cr(S) 
contains the singular points (because E meets S\ and £’2), we are done if we show that <r(S) does 
not meet the hyperplane 7 / 3=0 in other points. It is easiest to do the calculation on P(Sym 2 (Vi)) 
and to show that the image of E there does not intersect the relative hyperplane given by 773 = 0 . 
(Note that D3 = 7/3 and that the multiplication map Sym 2 (Vj) —>• V2 is the identity on the 
third summands.) Now, 773 = 0 corresponds to the inclusion &b{ 7/3) ^ Sym 2 (Vi), whereas the 
image of E in P(Sym 2 (Vi)) is given by a surjection Sym 2 (Vi) —»■ ^b(^ 0 ). The composition 
^5(773) ~t ^b( 20 ) is given by the inclusion &b{Vs) F &b( 27/3), followed by the isomorphism 
F^ 1 : ^b^Vs) —> ^b( 20 ); hence indeed the image of E is disjoint from the hyperplane 773 = 0 , 
and we are done. □ 

9.8 Remark. If Vj is decomposable, A • F p = 6 , and it follows that for a general member of 
the first four families, T is the union of two curves of genus 2 , intersection transversally in two 
points. (Hence indeed p a (T) = p a (T) = 5 .) One component of T is the inverse image of the 
genus 1 curve 0 , which meets the branch locus only in its intersection points with £\ and £2] 
the other component is the inverse image of the rational curve F p , which intersects the branch 
locus in six points. The two components intersect in the points lying over the point 0 D F p . 

If V\ is indecomposable, the genus 1 curve E intersects the branch locus of S —» ^ in its 
intersection points with £\ and £2 (the points lying over the singular points of c £) and six other 
points. In this case, T = T is irreducible of genus 5 . 

9.9 We now complete the proof of Theorem 19 . 4 ( e). Again we assume S is general in its com¬ 
ponent of the moduli space. As £?$ — I 2 ^(—T), we get an exact sequence 

0 H °(S, SI},) —> H°(T, L^lr) —► H\S, £? s ) —► H^S, fi^), 
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in which the last map sends a class in IF 1 (S', 3?$) t° its cup-product with a non-zero 2-form (which 
is unique up to scalars). Our goal is to show that this map is non-zero, as this implies that the 
Hodge structure on the H 2 is not constant over the moduli component containing S. Because all 
families that we are considering have dimension 4 or bigger and h°( = 1, it suffices to show 
that h°(T,n^\ r ) < 4. 

Next let n be a non-zero global 1-form on B and consider the exact sequence 


0) 0 1 -Aa’W 


->• H 


» us 


^s|s 


where, as before, £ denotes the critical locus of the albanese map a. (As shown by Pignatelli, £ is 
finite; counting Euler characteristics, we find that it has length 8.) Breaking this up in two short 
exact sequences and restricting the first to F we get 0 —> Gy —> flg|r —> #swg|r —> 0, where 
C Gs is the ideal sheaf of £. As Gs(— F) = Ug 1 , Kodaira vanishing gives h°(T, Gr) = 1- 
(This is also clear from the concrete description of T obtained in the proof of Proposition 19.71 1 
It therefore suffices to show that h°(T, ^s^s|r) < 3. 

From the second short exact sequence we get a diagram 


#E - > #E Us - > ^T.Us\v 


U S 


us Is 


ws|r 


<^s|rns 


with exact rows and columns. The map Gs —1 is the restriction of the map Gs us given 

by the global 2-form on S; hence its kernel is Gmn- The middle row, together with q(S) = 1, 
gives that /i°(r,u;g|r) < 1 (in fact, it is equal to 1). By the snake lemma and Proposition 19.71 
the desired estimate h°(T, J?y.us\t) < 3 follows. This settles case (f) of Theorem 19.41 


9.10 For the surfaces in (g), which make up three irreducible components of --#8,1,1) we use the 
results in [29 ] and [3- The surfaces in question are of the form S = (C x F)/G, where C and F 
are curves with a faithful action of a finite group G such that the diagonal action on C X F is 
free. Hence H 2 (S) = H 2 (C ) © H 2 (F) 0 [H l (C) © H 1 (F)f. 

In all examples, it follows without difficulty from the description given in [29], Section 4, that 
all simple factors of the Jacobians Jc and Jp have dimension at most 2. By [21], Corollary 4.5, 
it follows that the Mumford-Tate conjecture for Jc x Jp is true. By Proposition Id.lOf ivf and 
Remark ll.8l i). this implies the Mumford-Tate conjecture for H 2 (S). 

This completes the proof of Theorem 19.41 
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